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S1. PROOFS
S1-1. Derivation of the population partial least squares components
Let denote K; € R¥*? the matrix representation of a base for KC;(32, Pq) . Then
n n
> By — XTKio)” =Y Vs (lall* + n3 — 20" K Pq + o" K Y2 K;a) .
t=1 t=1
Minimizing this expression with respect to o € R? gives KIY2K;a = K, Pq. Since the matrix
K'Y K, is invertible, we get the least squares fit 3; in Section 2.

Assume now that the first ¢ < a partial least squares base vectors w, . . . , w; have been calcu-
lated and consider for A € R the Lagrange function

> cov (g — X¢'Bi, Xjw) = AJw|* = 1) = w" (Pg = £26;) Y [V]rs = A([|w]* = 1).
t,s=1 t,s=1

Maximizing with respect to w yields

n

wiy1 = (20) 7" (Pg—2%8;) Y [V?]is o Pg— X2,

t,s=1
Since §; € K;(X2, Pq), we get w; 1 € K;11(X?, Pq) and w; 1 is orthogonal to wy, . . . , w;.
S1-2.  Proof of Theorem 1

First consider

E (b - Pql?) =E 2

1
H TV {(PNT + mET)V2Ng+ n2(PNT + mFT)VQf} — Pgq

1 2 2 2
! E PNTV2Ng — P H +- 2 _p(IpNTV2
{ (HHWP 1= P ) e (IPvverr)

n}
V|4

+ BB (JFvane) +a3E (|FV2r ) } = 1+ 5
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due to the independence of N, F" and f. It is easy to see that

V2|
v

Sy = nik (lal* +n3) -

Furthermore, with notation Ag = NTV2N we get

1

Si= o
v

E (¢"AgPTPAoq) — ||Pq|* +

et (Il

Consider now E (¢"AgPTPAyq) as a quadratic form with respect to the matrix P P. Denote
= E (N{,) — 3. First, E (Agq) = E (N"V2Ngq) = ||V|[|*q and

- 1
l n

var(Aog) = | D dats Y Vi VaVIVoB(NeiNuaNeiNoy) —IVII*qq"

a,b=1 t,s,u,v=1 .
L 1,j=1

r l
n
= |agIVI* + (aig; + 6isllal) V2P + £ !!W!45i,jqi2] —IVII*eq"
t=1 =1

n
= IV21? (ga" + llgl* i) + = Y Vil *diag (gF, - - q7) »
t=1

where diag(vy,...,v;) denotes the diagonal matrix with entries v1,...,v; € R on its diagonal
and 0 is the Kronecker delta. In the second equation we made use of E (V. s,inaNt,jNU’b) =
(5i,a5j7b6s,u(5t,v + 6i,b5j,a53 U(St U + 6i,j5a,b5t,35u,v + K 5t,s6s,u5u,v5i,j6j,a6a,b- HCHCG,

1 1
=3 B (¢" AgP" PAoq) = 4tr {P"Pvar (Aoq)} — w7 F (¢" Ao) P*PE (Aoq)
IV IVl IVl
_||Vv2||2 ( TpTp + HPH2H ||2) TpTp Zn: H t” ZH ||2 2
B A AW TE TR 2 e 21
t=1

The remaining term in S follows trivially, proving the result. E|¥? — A||? is obtained using
similar calculations. U

S1-3.  Proof of Theorem 2

LEMMA S1. Assume that for v € (0,1] and some constants 0,¢ >0 it holds that
pr(|A =%z <6) >1—v/2and pr (||b— Pq|| <€) > 1—v/2. Then each of the inequali-
ties

1412 — 2| <2757 {1+ o(1)},
IA™Y20 = 57 Pgl| < €| =72+ 27 6(I1Pgll + )I=IZ {1 + o(1)}
hold with probability at least 1 — v /2.

Proof: We show the result by using the Fréchet-derivative for functions F : R¥** — RE** Dye
to the fact that 1; > 0 it holds that 32 is positive definite and thus invertible.

It holds due to Higham (2008), Problem 7.4, that F”(32) B for an arbitrary B € R¥*¥ is given
as the solution in X € R*** of B = ¥ X 4 XY, i.e. due to the symmetry and positive definiti-
ness of & we have F/(X?)B = 27X~ B. We take the orthonormal base {E; ;4,7 = 1,...,k}
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for the space (R¥*¥_ || - ||) with E; ; corresponding to the matrix that has zeros everywhere ex-
cept at the position (4, j), where it is one. The Hilbert-Schmidt norm || F’(X?)|| s is

k k
IF'E)hs =47 Y IS EylPP =47t Y =R =47HIET2
i,j=1 tj=1
This yields with the Taylor expansion for Fréchet-differentiable maps
1AY? =)z < |F(E)(A = £2)|| + oA = Z2])) < 27HIZ7HI6{1 + o(1)}.
For the second inequality we see first that 55

|A712 = 7P| < |7 + [[(A72 = =0 (S1)

The Fréchet-derivative of the map F :RF¥F 5 RFF Ay A-12 s F/(X?)B =
—271%2B¥ ! and

k
IF' (Z2) s =47 ) I 2B <47 YIS 72 s
i,j=1

Here we used the submultiplicativity of the Frobenius norm with the Hadamard product of ma-
trices. Thus we get via Taylor’s theorem

JA72 — =7 <27 SR I= A - 22 + of6).
Plugging this into (S1) yields 60
14726 = 57 Pg|| < €| =7 |z + 271 6(| Pall + IS IZ T {1 + (1)}
where we used that ||b]| < ||Pq|| + €. O
Equivalence of conjugate gradient and partial least squares: We denote A = A/2 and b=
A~1/2p. The partial least squares optimization problem is

min |ly — XUHQ,

veEK; (A,b)
whereas the conjugate gradient problem studied in Nemirovskii (1986) is 65
min __ ||b — Av|. (S2)

vGICi(AQ,Ab)
It is easy to see that the Krylov space KC;( A2, fll;) =Ki(A,b) 1 =1,...,k). We have
ar min b— Av|?> = arg min —Xv|%i=1,... k.
8 o | | g min lly |
Thus it holds

Bi=arg  min _[b— Ao,

veK; (A2, Ab)
Furthermore we have X3(1;) = 7! Pg, i.e. the correct problem in the population is solved by
B(n1) as well. Now we will restate the main result in Nemirovskii (1986) in our context:

THEOREM S1. Nemirovskii 70
Assume that there are § = 0(v,n) > 0, € = é(v,n) > 0 such that for v € (0,1] it holds that
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pr <||E — A2, < 5) >1-v/2, pr(|2'Pq— A=12p|| < €) > 1 —v/2 and the condi-
tions

1. there is an L = L(v,n) such that with probability at least 1 —v/2 it holds that
max { [ A2z, [Z]c} <L,
2. there is a vector u € R¥ and constants R, pu > 0 such that 3(m1) = SHu, ||ul| < R

are satisfied. If we stop according to the stopping rule a* as defined in (4) with 7 > 1 and
¢ < 771 then we have for any 6 € [0, 1] with probability at least 1 — v

HEG{BG* - ﬁ(m)}“2 < C*(u,7,¢) R0/ (+p) <€+ SRLM> 20+0)/ (1)

Proof: Note first that on the set where | — A'/2||; < § holds with probability at least
1 —v/2 condition 1 also holds with L = ||X||z 4 6. Constrained on the set where all the
conditions of the theorem hold with probability at least 1 — v we consider Nemirovskii’s
(E,Al/ 2 y-1pg, AV 2p) problem with errors 6 and é. Furthermore by assumption Ne-
mirovskii’s (26, R, L, 1) conditions hold and thus the theorem follows by a simple application
of the main theorem in Nemirovskii (1986). ]

We will now apply Theorem S1 to our problem. Due to the fact that 77; > 0 it holds that %2 is
positive definite and thus invertible. We note that the spectral norm is dominated by the Frobenius
norm. From Markov’s inequality we get

pr(||A— X2 >4) <62E (HA - 22||2) .

Using Theorem 1, Y7, [|V;]|* < [|V2||? and setting the right hand side to v/2 for v € (0, 1]
gives 6 = v 1/2||V||72||V?||Cs. In the same way € = v~ /2||V||~2||V?||C,. Lemma S1 gives
with probability at least 1 — /2 the concentration results required by Theorem S1 with

Yl
v

Pl V2P
:(y /||VH2C€+V L CCs | {1+0(1)}

S=v

Cs{1+0o(1)}

me

Conditions 1 and 2 of Theorem S1 hold with a probability of at least 1 — »//2 by choosing L =
S+ ||Z|lz, #=1and R = ||£73Pq|. Here we used that 3(n;) = £~2Pq. Thus the theorem
yields for 6 =1

|=t80m) - B}

‘ < C(1,7,0) (€+ SRL> .
Denote ¢(7,¢) = C(1,7,¢){1 + o(1)}. Finally we have ||| ;!|lv|| < ||Zv]| for any v € R¥

and thus the theorem is proven with

ar(v) = v Pe(r, OIS i (Ce+ IZl el PyllCs)
e2(v) = v le(r, Q)BT e (CCs + 272 Pql|CF) -
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S1-4.  Proof of Theorem 3

The theorem is proved by contradiction. Assume that 31 — (31 in probability. Choosing v €
RE, v £ 0, orthogonal to /3; implies that UT@ converges in probability to zero. Next we show
that the second moment vanishes as well.

Let My(2) = max;cqy, . pye E(HV , 22 ) for a random vector z = (21, ...,2,)" with exist-
ing mixed (2d)th moments. Using (a + b)? < 2(a? + b?) for a,b € R we obtain

Bl

105

E ()" < e E (|[PN*V2Nq|* +nf | F*V2Ng|* + 0 | PNTV2S||" + nitnd | FTv21][")

<8[lo||* {Ma(ND)[lall*P* | PII* + Ma(Nv) Mo (Fy )|l *1% k>
+ Mo (N ) Mo (f1)ms || P||* + Ma(Fy) Ma(f1)ninak?} < oo, n e N.
Thus, (v™" b)2 is uniformally integrable by the theorem of de la Vallée-Poussin and it follows that

the directional variance var(v™b) has to vanish in the limit as well. Now, calculations similar to
Theorem 1 yield

2 2
var(o™h) =i (IOl (lal? + ) + 127l (P + 58) + 07 Po)?}
l
+Z""“f” Z ) {E(N{,) — 3}, veR"
t=1 =1

We assumed that ||V ||=2||V2|| does not converge to zero. It remains to check under which
conditions var(v™b) is larger than zero. This will always be the case if v # 0 and ; > 0,1 = 1.
For n; = 0 and [ > 1 a vector v that lies in the range of P and is orthogonal to 5; x Pq exists,
thus contradicting 31 — (1 in probability. O

S1-5.  Proof of Theorem 4

It is easy to verify that ||V||? = tr(T?) = ny(0) and HV2H2 = ny2(0) + 230 A2 (1) (n —
t). If (6) is fulfilled, then

m(0) < [V < mr?0) {1+ 22 LR <o) {14 e L

It follows that ||V2|| ~ n!/2. O

S1-6.  Proof of Theorem 5
Let v : N — R be the autocovariance function of a stationary time series that has zero mean.
For the autocovariance matrix V2 of the corresponding integrated process of order one we get
[Vz]ts = =17t =3l), (t;s =1,...,n). Lett > s. By splitting the sum into parts with
i<jandi>j we get [VQ]t,S = s7(0 )+Z] D= )+ >0 , 32771 (7). Due to sym-
metry, [V?] be = [VZ]M for s > t.
First, consider the case that all (), j > 0 are negative. Using (6) we obtain

s t—j s j—1

7(0)52[‘/2]15,327( s—cZZexp —p7) —cZZexp —pj) ¢, t>s.

1i4i=1 7j=21=1
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6 M. SINGER, T. KRIVOBOKOVA, A. MUNK AND B. DE GROOT
Evaluation of the geometric sums gives
[V2]t7s > ~(0) (s {1 - exp(zp%} + C#)(p—)l]ﬁ {1 —exp(—ps)}[1 + exp{p(s — t)}]) .
The second term on the right is always positive and the positivity of the first term is ensured by the
condition p > log(2c + 1). Hence, (0) {1 — 2c{exp(p) — 1}71} s < [VQL,S <~(0)s, s > 1.
If v(t), t > 1 is not purely negative, it can be bound by

~(0) [1 — 2c{exp(p) — 1}71} s < [VZL,S < ~(0) [1 + 2c{exp(p) — 1}71] s.
We write §; and Jo for the constants in the lower and upper bound, respectively, so that
& min{s, t} < [V?] + o < 0amin{s,t} (t,s =1,...,n). This yields upper and lower bounds on
the trace of V2 and shows that ||V ||2 ~ n2. Additionally,

V= S0 0 V] = SV + 30 0 < &

=1 =1 I=t+1

t (6nt — 4> + 3t + 1)

2
vY,, > %t (6nt —4t* +3t + 1) .

This implies upper and lower bounds on the trace of V* in the form cn(n + 1)(n? +n + 1) for
c € {62/6,62/6} and thus ||[V2|| ~ n?. O

S1-7.  Proof of Theorem 6
First consider n~'XTV~2y. Define X, = (Xu1s--, Xun)"=NPT"+mF and y, =
(Yu,1s - Yum)" = Ng+n2f such that X = VX, and y = Vy,. By the triangle inequality

Hn_lXT‘A/_Qy - PqH < Hn_lXTV_Qy — Pq|| + Hn_lXT (17_2 - V_Q) yH )

The first term on the right hand side is convergent to zero in probability due to Theorem 1. The
second term can be bounded as

—~ 2 .~
2| X (V2 = v2) | < VPRV = Ll e X E

Since both X, 1,..., Xy, and 4,1, ..., Yu,n are independent and identically distributed, it fol-
lows that 7.~ !||y, || is a strongly consistent estimator for E(y7 ), as well as that n~ || XT[|Z

is bounded from above by n 1| X}

2, which is a strongly consistent estimator of E(|| X, 1]/?).

~ 2
Convergence in probability of HVV_QV -1, . to zero implies the convergence of (V') to Pgq

in probability. To obtain the convergence rate |[n =X TV =2y — Pq|| = O,(r,), use Theorem
1 and |[VV =2V — I,||z = O,(ry). The convergence of |n~*XTV~2X — 2| is proven in a
similar way.

To show the consistency and the rate of the corrected partial least squares estimator, we follow
the same lines as in the proof of Theorem 2. First, § = rpca(v) and € = r,¢(v) for v € (0, 1]
with constants c4(v), ¢y (v) are taken, such that

pr{|AV)2 = 2|z < rpea(v)} > 1 - v/2,
pr{|A(V)"Y26(V) — £71Pq|| < raey(v)} > 1 — /2.
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Moreover, L = |3z + d and R = ||[S73Pq||, u = 1, satisfies conditions 1 and 2 in Theorem
S1 with probability at least 1 — /2. Thus, with probability at least 1 — v we get by setting § = 1

B () = 8m) | < 7 €L 7.1+ 0WHIET e [eb(0) + ca@IZT*Pal {1l + rnea(v)}]

where the constants (, 7 are taken from the definition of a*. L] e

S2. ADDENDUM TO SECTION 5, SIMULATIONS

Figure S1 shows the differences in empirical mean squared error of Bl for various dependence
structures considered in Section 5 in the setting with [ = ¢ = 1. We calculated

500

nMSE(f3;) = n 5007 Z(ﬂu — B1)%,

i=1

where BAM- denotes a partial least squares estimator in the ith Monte Carlo simulation based

on n observations. If an autoregressive dependence is present in the data and is ignored in the
partial least squares algorithm, nMSE(Bl) is proportional to a constant, which is larger than in 17
the corrected partial least squares case. Ignoring the integrated dependence in the data leads to
nMSE( Bl) growing linearly with n, which confirms our theoretical findings in Section 3.
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Fig. S1: Empirical mean squared eror of 31 multiplied by
n. The dependence structures are: autoregressive (grey),
autoregressive integrated moving average (black, dashed)
and corrected partial least squares on integrated data
(black, solid).



