Check for
updates

SCIENCE ADVANCES | RESEARCH ARTICLE

BIOPHYSICS

Bayesian electron density determination from sparse
and noisy single-molecule X-ray scattering images

Steffen Schultze and Helmut Grubmiiller*

Single molecule x-ray scattering experiments using free-electron lasers hold the potential to resolve biomolecular
structures and structural ensembles. However, molecular electron density determination has so far not been
achieved because of low photon counts, high noise levels, and low hit rates. Most approaches therefore focus on
large specimen like entire viruses, which scatter sufficiently many photons to allow orientation determination of
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each image. Small specimens like proteins, however, scatter too few photons for the molecular orientations to be
determined. Here, we present a rigorous Bayesian approach to overcome these limitations, additionally taking
into account intensity fluctuations, beam polarization, irregular detector shapes, incoherent scattering, and back-
ground scattering. We demonstrate using synthetic scattering images that electron density determination of
small proteins is possible in this extreme high noise Poisson regime. Tests on published virus data achieved the
detector-limited resolution of 9 nm, using only 0.01% of the available photons per image.

INTRODUCTION

Ultrashort pulse x-ray scattering experiments using x-ray free-
electron lasers (XFELs) offer the possibility to take “snapshots” of
biomolecular structures with subnanometer spatial and femtosec-
onds time resolution (1-4). In these “diffraction before destruction”
experiments (5) (Fig. 1A), a stream of sample particles is hit by a
series of high intensity, ultrashort (femtoseconds) x-ray pulses; and
for each pulse, the scattered photons are recorded as a scattering im-
age. Crucially, the pulses are so short that scattering outruns sample
destruction (6).

Currently, most of these experiments focus on nanocrystals.
These serial femtosecond crystallography experiments have provided
both static (7, 8) and time-resolved structures at resolutions better
than 3 A (9-11). Despite these successes, the need to grow sufficiently
well-ordered crystals and the inevitable ensemble averaging pose
severe limitations (11).

The “holy grail” is therefore to perform x-ray scattering experi-
ments on single noncrystalline particles or even single molecules such
as proteins (3, 6). Although the high repetition rates of current XFELs
of up to 27 kHz (12) allow the collection of millions of such images
even at rather low hit rates (13), substantial challenges remain,
such as low photon counts, unknown sample orientation, and low
signal-to-noise ratios. These have so far limited such experiments to
relatively large particles such as viruses at moderate resolutions of
ca. 10 nm (14-16). Here, we address these challenges using a rigorous
Bayesian approach, and demonstrate that de novo electron density
determination should be possible also for single molecules.

The first challenge is that, because of the small molecular size, the
number of scattered photons is typically very low (6). For single pro-
teins, and despite the high photon flux provided by the XFEL, only
ten to several hundred recorded photons per scattering image are
expected (17). In this extreme Poisson regime, each scattering image
thus does not reveal the full scattering intensity distribution (light
blue color on the detector, Fig. 1A), but rather consists of only a few
discrete photon positions (red dots), distributed according to the
unknown scattering intensity.
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The second challenge is that, for each hit, the sample orientation
is different, random, and unknown, preventing a naive approach
based on averaging many images. Several new methods have been
developed over the past 20 years to overcome this challenge. Most
methods aim to determine the molecular orientation from the posi-
tions of the scattered photons separately for each image. Subsequently,
the properly oriented images are assembled in Fourier space into a
full three-dimensional scattering intensity (18-25), from which the
electron density is derived using established phase retrieval methods
(26-28). These orientation determination approaches, including the
expansion-maximization-compression (EMC) algorithm (13, 25, 29)
and manifold embedding algorithms such as diffusion map (30-33),
typically require 10* to 10* coherently scattered photons per image to
determine the sample orientation with sufficient accuracy. Moreover,
they are rather sensitive to noise, precluding their application to single
molecules. For realistic noise levels and photon counts, the informa-
tion content per scattering image is far too low for successful orienta-
tion determination of individual images (20).

To circumvent this problem, it has been proposed to extract only
orientation-invariant quantities from the scattering images, in par-
ticular correlations (17, 34-41). Notably, using three-photon corre-
lations, it has been shown that density determination should be
possible from as few as three recorded photons per image (17, 42)
as the ultimate limit. However, by neglecting higher correlations,
much of the scattering information is discarded (17).

The third challenge is posed by several additional sources of ex-
perimental noise and uncertainties, mainly due to incoherent scat-
tering, background scattering, and beam intensity fluctuations, as
well as incomplete and irregular coverage of the scattering solid
angle by the detector (Fig. 1B) (2, 17, 19, 20). These noise sources
are particularly prohibitive at the single-particle level, and the usual
subtraction of an estimated background noise level and fortuitous
error cancellation through averaging fail in this extreme Poisson
regime with noise levels of up to 90% (13, 43, 44). Because of the
lack of a combined, systematic treatment of all three sources of un-
certainty, de novo electron density determination of single proteins
has so far been out of reach.

The Bayesian method we developed and assessed here approaches
the problem from a different angle. Rather than attempting to orient
each individual scattering image, the Bayesian posterior probability
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Fig. 1. Single-molecule scattering experiment. (A) Experimental setup for single molecule x-ray scattering [image reproduced from von Ardenne et al. (17)]. (B) Irregular
detector shape used for our simulated scattering experiments, modeled after the detector used at the European XFEL (60). Note that the apparent “curvature” does not
reflect the actual detector geometry but is instead an artifact of the projection onto the Ewald sphere.

given the whole set of images (typically thousands to millions) is
considered and either sampled or maximized. The posterior is com-
puted by marginalizing over all possible orientations for each image,
thereby avoiding the need to determine or estimate the orientation
of each single image. As a further important advantage, this Bayesian
approach allows for a systematic inclusion of noise in terms of a
physics-based forward model of the scattering experiment and its
uncertainties. Further, and in contrast to correlation-based methods,
the full information content of all scattering images is used, thus
reducing the required number of images to achieve a particular
resolution. Last, posterior sampling provides error bounds and
uncertainty estimates for the obtained electron density.

We tested our approach both on noisy synthetic scattering images
and on downsampled experimental images. Even for a small single
protein (crambin), resolutions of 8 to 10.4 A were achieved under
realistic conditions, and up to 4.2 A under noise-free conditions. As
a test using experimental images, we successfully recovered the elec-
tron density of the coliphage PR772 (45) at 9-nm detector limited
resolution using only 0.01% of the recorded photons per image.

RESULTS
Bayesian inference of single-molecule x-ray scattering

We first summarize the Bayesian formalism and our approach. For
each scattering event j = 1...N, the positions of the #; scattered
photons are recorded on the detector as a scattering image and are

converted into scattering vectors k(J), ,kg). For each possible
electron density function p, a Bayesian posterior probability is cal-

culated given the set of scattering images .% = {kgj), s kf,j ) }
j=1..N
P(p|I) e« P(F | p)P(p) (1)

from which the most probable electron density as well as its uncer-
tainty is derived.

The likelihood function P(Z|p) contains an appropriate physical
forward model of the scattering process, including noise, intensity
fluctuations, polarization, and irregular detector shapes (see Materials
and Methods). Because each image is an independent event, the
likelihood decomposes into a product of the likelihoods of each
single image j

N A A
P(T |p) = HP(k?),...,kg])Ip>
=1

2)
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In the absence of information on the orientation of the sample
molecule during each scattering event, the single-image likelihood
function is given by marginalizing, i.e., as an average over all possible
orientations R of the corresponding conditionalized probability of
the scattering image j

P(k?),...,kg)m):J

S

Here, SO(3) denotes the set of all three-dimensional rotation ma-
trices. The latter was calculated from the forward scattering model
as described in Materials and Methods. To maximize or sample
from the Bayesian posterior, a combined Markov chain Monte Carlo
(MCMC) simulated annealing approach was used.

As a physics-motivated real-space representation of the electron
density p, we chose a sum of Gaussian functions, with size and number
depending on the target resolution. This choice serves both to mini-
mize the number of required degrees of freedom and as a means of
regularization. While one may think of these Gaussians as represen-
tation of, for example, an atom, an amino acid, or a larger domain of
the sample, their purpose is only to represent electron densities, not
structural entities. Notably, by using such a representation for the
electron density as opposed to its Fourier transform, our approach
circumvents the phasing problem.

For a typical target protein consisting of up to several hundred
amino acids, the number of required degrees of freedom remains
nevertheless large and poses a formidable sampling challenge. To
achieve sufficient sampling, we applied a hierarchical simulated an-
nealing approach as described in Materials and Methods. In brief,
starting at very low resolution and correspondingly few Gaussian
functions, the electron densities were sampled in multiple hierar-
chical stages of increasing resolution; and in each of these stages,
the previous electron density of maximal posterior probability was
used as a proposal density for the MCMC steps.

Electron density reconstruction from noise-free images

We first tested our method on synthetic noise-free images, using
the same 46-amino acid protein crambin (46) that was used for the
assessment of previous correlation-based methods (17). Because
our Bayesian approach uses all available information, we expect it
to require fewer scattering images to achieve the same resolution.
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To test this expectation, a total of 10° noise-free synthetic scattering
images were generated, containing a realistic average number of 15
photons each (17, 47). As described in Materials and Methods, for
each image, a random molecular orientation was chosen, and for
each orientation, the number of photons per image was drawn
from a Poisson distribution. Here, an intensity of 10'2 photons per
pulse was assumed with a beam diameter of 1 pm (43). Figure 2A
shows several of these images as an example.

From these images, the electron density was determined in five
hierarchical stages (Fig. 2b), increasing the number of Gaussian
functions representing the electron density p by a factor of two in
each stage. For the final stage, 184 Gaussian functions were used,
which is four times the number of amino acids. For more details, see
table S1. A similar Fourier shell correlation resolution (48) of 4.2 A
(Fig. 2C) was obtained as in the previous study of our group (17)
using only half the number of scattered photons. Here, the Fourier
shell correlations were used to compare the reconstructed electron
density map (Fig. 2D) with the ground-truth density (Fig. 2E) that
was used to generate the synthetic scattering images. As a further
measure of quality, the optimal transport plan between the recon-
structed and reference electron densities was computed using a stan-
dard algorithm (49), obtaining an earth mover’s distance of 1.45 A.

Density determination from noisy images

To assess our method also in the presence of realistic noise sources,
we tested it on synthetic noisy scattering images for the same pro-
tein crambin (46). Because estimates for the experimentally achiev-
able noise level vary and depend on the exact experimental setup
(13,43, 44), two different noise levels were considered: One million
synthetic images were generated at a noise level of 75% (Fig. 3, A to
D), and three million at a noise level of 90% (Fig. 3, E to H), which
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both are within experimental reach (13, 43, 44). Figure 3 (A and E)
shows representative examples of these images. Here, the same average
number of 15 coherently scattered signal photons (red) per image as
above was assumed. Only these contain structural information but
are indistinguishable from the noise photons (black). In addition, a
total of on average 44 (Fig. 3A) or 137 (Fig. 3E) photons per images
of all detected photons were assumed to be incoherent. As shown in
Fig. 3 (B and F), these were assumed to be from background scatter-
ing on carrier gas or solvent molecules (orange, described here by a
normal distribution with SD 0.35 A™!), as well as from incoherent
scattering (green, described by a uniform distribution). For more
details, see Materials and Methods and table S1.

Despite these low signal-to-noise ratios, Fig. 3 (C and G) shows
that structural information is recovered at a conservative Fourier
shell correlation resolution estimate of 8 A in the case of 75% noise
and 10.4 A in the case of 90% noise. Here, representations consist-
ing of 12 and 23 Gaussians were used. Note that the smaller number
of Gaussians was adapted to the expected lower achievable resolu-
tion of the obtained electron densities compared to the noise-free
images. Figure 3 (D and F) shows the obtained electron densities
that represent the overall shape of the molecule at the two resolu-
tion levels.

Application to experimental data

Having assessed our method using synthetic data for which the
“ground truth” is known, we next tested it on published experimental
data for the icosahedral coliphage PR772 (45). Because this virus is
much larger than the protein molecule considered above, on average
about 400,000 photons per scattering image were recorded. Notably,
only photons up to k = 0.69 nm™" were recorded, which limits the
resolution to 9 nm. For a fair assessment, and to mimic the more

Reference

Fig. 2. Electron density determination from noise-free images. (A) Sample synthetic noise-free images, containing only coherent signal photons (red dots). (B) Hierar-
chical stages of retrieved electron densities. (C) Fourier shell correlation between reconstructed and ground-truth reference density. (D) Reconstructed electron density.

(E) Reference electron density.
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Fig. 3. Electron density determination from noisy images. Electron density determination at [(A) to (D)] a noise level of 60% and [(E) to (H)] of 90%. (A and E) Sample
synthetic noisy images, showing coherent signal photons (red) and noise photons (black). (B and F) Radial distribution of photons from coherent scattering, background,
and incoherent (uniform) noise (stacked histogram). (C and G) Fourier shell correlations between reconstructed and ground-truth reference densities show the achieved

resolutions of 8 A and 10.4 A. (D and H) Reconstructed electron densities.

challenging low photon counts expected for single-molecule scatter-
ing experiments, we downsampled the original images by a factor of
r=10"" using rejection sampling to obtain images with an average of
40 photons per image (Fig. 4A). A dataset consisting of 2 - 10° such
images was emulated by randomly downsampling the same images
multiple times. Because the intensity distribution of the incoming
beam is unknown due to the applied hit selection, intensity fluc-
tuations were taken into account via normalization as described
in Materials and Methods.

The virus electron density was described by n = 400 Gaussians
functions of width 6 = 3 nm, adapted to the resolution set by the
experimental data as described in Materials and Methods. To better
represent the virus electron density at this scale, both the positions
yi and the heights h; of the Gaussian functions were considered
unknown and determined during the annealing. After the annealing
procedure, the density was further sampled for 8 - 10° MCMC steps.
As shown in Fig. 4E, the autocorrelation between these MCMC
samples decreases to zero after about 2,000,000 steps, suggesting
that a sufficient number of MCMC samples are largely uncorrelated.
The thus obtained sample of electron densities was rotationally
aligned and averaged. The resulting density (Fig. 4B) resembles the
expected icosahedral structure of the virus. As shown in Fig. 4F, even
the internal structure consisting of multiple concentric shells was re-
solved. An animated version of Fig. 4B is provided as movie SI.

To obtain an error estimate, the Fourier shell correlations of a
randomly selected small subset of these sampled electron densities
relative to the averaged density were computed (Fig. 4C). As can be
seen, the 9-nm resolution limit imposed by the detector geometry
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was largely achieved. In contrast to Hosseinizadeh et al. (29), icosahe-
dral symmetry was not imposed, and therefore, the electron density
determined here deviates from a perfect icosahedral symmetry (as is
also obvious from the slices shown in Fig. 4F), which has also been
observed for this dataset using other methods (40, 50).

Last, we asked how the obtained resolution depends on the
number of photons per image, here governed by the downsam-
pling ratio. To that end, further runs were performed at downsam-
pling ratios r=5- 107> and r = 2 - 10™*, that is, on average, 20 and
80 photons per image, respectively. The electron densities ob-
tained from these runs are shown in fig. S1. As shown in Fig. 4D, the
Fourier shell correlation does increase with increasing number of
photons per image, as one might expect. Note, however, that this
does necessarily imply a further increase in resolution, because, as
mentioned above, only photons up to k = 0.7 nm™" were recorded in
the experiment. The larger Fourier shell correlation values at k >
0.7 nm™" likely result rather from an increasing overdetermination of
the positions of the Gaussians. We therefore also investigated how the
determined density depends on the number of used Gaussians (see
fig. S2) and found that for 200 and 300 Gaussians, respectively, gran-
ularity artifacts are seen in the electron density, in particular for 200
Gaussians, indicating that this number is insufficient for an accurate
representation of the electron density.

DISCUSSION
We have demonstrated electron density determination from highly
noisy and sparse single-particle x-ray scattering images using a
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Fig. 4. Electron density determination of the coliphage PR772. (A) Sample downsampled images (red dots) and corresponding original experimental images (blue,
log scaled) at a downsampling factor of r = 107*. (B) Average density obtained from MCMC-sampling. Perfect icosahedron with side length 30 nm for reference.
(C) Fourier shell correlations between 100 randomly selected sampled electron densities and the average density. (D) Average Fourier shell correlations (with SD)
obtained for three downsampling ratios r. (E) Autocorrelation of electron densities as a function of MCMC steps. (F) Slices through the average electron density obtained

for r=10"* on the yz plane for various values of x.

rigorous Bayesian approach. Uncertainties such as unknown sample
orientation, beam intensity fluctuations, polarization, irregular
detector shapes, Poisson noise due to the typically very few recorded
photons per image, and noise from incoherent and background
scattering have been taken into account using a realistic physics-
based forward model. This model can be adapted to specific experi-
mental conditions and can be generalized to include other noise
sources such as detector noise as well.

Our simulated scattering experiments demonstrate that electron
densities can be reliably determined even in this high noise regime
well beyond 1-nm resolution. There is no fundamental limit to
achieving even higher resolutions, given sufficient numbers of scatter-
ing images. In contrast, for approaches based on orientation determi-
nation, the resolution is limited by the number of photons per image
(20). While for approaches based on orientation determination the
resolution is limited by the number of photons per image (20), there
is no fundamental limit for our Bayesian approach to achieving even
higher resolutions, given sufficient numbers of scattering images.

Schultze and Grubmdiller, Sci. Adv. 10, eadp4425 (2024) 25 October 2024

Because our approach uses all available information, fewer scat-
tering images and fewer photons per image are required to achieve
the same resolution than by previous approaches, in particular com-
pared to correlation methods (17). For the coliphage test case, 10*
times downsampled images sufficed to recover the icosahedral struc-
ture at the detector-limited resolution of 9 nm. Ten to 100 times
fewer photons per image were required than what was so far con-
sidered the “low signal limit” (50). For this comparison, note that
our photon counts refer to entire images, whereas Ayyer et al. (50)
report photon counts excluding the central speckle that contains
most of the photons.

Although there is no fundamental resolution limit to our approach,
Bayesian sampling in high-dimensional search spaces generally poses
computational challenges. The problem-adapted hierarchical sampling
method presented here alleviated this technical limitation markedly
and allowed the optimization of electron density representations with
up to 1200 degrees of freedom. Nevertheless, for increasing sample
size to resolution ratios, the main bottleneck of our approach is the

50f 11

¥202 'Sz 4800100 U0 BI080US 105 MMM//:SANY WO.J PaPe0 lUMOQ



SCIENCE ADVANCES | RESEARCH ARTICLE

computational effort, both due to the required sampling and the
large number of scattering images. For example, the final stage in
the noise-free test scenario took about 1500 GPU-hours of parallel
computation time (Nvidia RTX 3090) and the MCMC sampling for
the coliphage about 1600 GPU-hours (Nvidia RTX 4070). Although
a brute-force approach is possible due to inherently parallel compu-
tations, improved optimization and sampling methods will be help-
ful to address this issue (51), as may the use of prior structural
information from, for example, structure databases, AlphaFold (52),
or molecular dynamics force fields.

This computational bottleneck does not preclude the application
to larger specimen, like the coliphage studied here. Rather, the com-
putational effort increases with the complexity of the used electron
density representation. Whereas we have, under ideal conditions,
demonstrated that a resolution of 4.2 A can be achieved for a small
soluble protein, for larger complexes such as the ribosome, substan-
tial computational resources would be required to achieve resolu-
tions better than about 3 nm.

Whereas our results demonstrate that our Bayesian approach should
enable structure determination from noisy single-molecule x-ray scat-
tering images, we have so far only assessed its performance and accu-
racy on synthetic scattering images or on preprocessed images from
diffraction experiments on much larger virus specimen. Because the
approach only rests on a physical forward model of the experiment,
further sources of noise of experimental uncertainties can be readily
implemented in a systematic way. Although the forward model pre-
sented in this work turned out to be sufficiently accurate to enable
successful reconstruction of the PR772 virus, future calibration and
improvements will be beneficial, such as more complex detector
models, the effect of a possible solvation shell around the molecule,
structural heterogeneity, or the identification of hits versus misses.

Of note, at intensities higher than 10" W/cm?, as required for
smaller particles or single molecules, ultrafast ionization distorts
the electron density already during the few femtoseconds exposure
(53) and, hence, presents a further challenge for its reconstruction.
Although simulations of these electron dynamics have been reported
(54), more research will be required to include these within our
Bayesian framework.

From a more general perspective, our fully Bayesian approach
should also be transferable to other imaging methods with high noise
levels. In particular, single-molecule cryogenic electron microscopy
(cryo-EM) shares many similarities, in particular unknown and
random orientations of the sample molecule. As a result, also es-
tablished analysis methods, such as RELION for cryo-EM (55) and
EMC for XFEL imaging (25), both rest on the same mathematical
technique (expectation maximization). It will therefore be very in-
teresting to see if our approach is able to also extract more informa-
tion for these experiments.

MATERIALS AND METHODS

Noise-free forward model

In the experiments, single sample molecules enter a pulsed femto-
second XFEL beam, and for each pulse, the positions of the scattered
photons are recorded on the detector as a scattering image. Each loca-
tion on the detector corresponds to a specific scattering vector k =
ki—k; on the Ewald sphere E in Fourier space, where k; is the incident
wave vector and k, the wave vector after scattering. Each scattering
image is, therefore, given by a list of scattering vectors ki, ..., k;. Their

Schultze and Grubmdiller, Sci. Adv. 10, eadp4425 (2024) 25 October 2024

probability distribution is given by three-dimensional intensity func-
tion I,(Rk) = || # {p}(Rk) ||2, which for coherent scattering is given by
the Fourier transform of the electron density p. Here, R € SO(3) is a
rotation matrix describing the orientation of the molecule.

The likelihood that an image k..., k; is observed for a given elec-
tron density p is obtained by averaging the conditional likelihood
over all possible orientations R. This conditional likelihood is given
by the product of a Poisson distribution for the number of photons
I and, because the photons are conditionally independent given R, a
product of the intensity function evaluated at the scattering vectors
of the scattered photons

1
P(k,,... ,k1|p)o<J dR I exp [—IOJ I,(Rk) dk] I15Re) (4
) E i=1

$0G3

Here, I, represents the incoming beam intensity. Note that here
and subsequently normalization factors and constants such as the
electron radius are omitted. Instead, they are absorbed into the value
of Iy, which is chosen at the end such that the correct photon counts
are obtained.

This likelihood, given by Eqgs. 2 and 4, represents the complete
noise-free forward model, which forms the basis for the subsequent
inclusion of error models.

Incoherent and background scattering

In addition to the coherent photons, also incoherently scattered
photons from, for example, Compton scattering and Auger decay, are
observed. They represent up to 90% of the total scattered photons but
are distributed uniformly on the Ewald sphere. They therefore spread
over a much larger solid angle than the coherent photons, such that the
effective amount of noise due to this incoherent scattering is smaller.
For this reason, the noise due to incoherent scattering is larger for
increasing resolutions, whereas at lower resolutions of about 10 nm
that have been demonstrated for viruses, it can be neglected.

A second source of noise is scattering from other molecules, such
as water molecules attached to the sample in aerosol delivery (56),
bulk water for liquid beam (57) or sheet (58) delivery, or remaining
gas molecules in the beam volume. These molecules scatter both co-
herently and incoherently, but, because of the random positions and
orientations of these particles, incoherent summation to I, is a good
approximation.

Neglecting beam polarization for a moment, the distribution of
the photons from incoherent and background scattering is radially
symmetric. For simplicity, here, a uniform distribution on the Ewald
sphere is assumed for the incoherently scattered photons and a
Gaussian distribution centered at the origin of reciprocal space for
the background scattering. Other radial distributions, for example,
from measurements, can of course be readily implemented.

To include incoherent and background scattering within the
likelihood function, their distributions are added to the intensity
function, replacing I, by

I,k p) = I,(k) + I,(k) + I, (5)
in Eq. 4. Here, the constant I, describes the contribution from uni-
form incoherent scattering, and

G K
Lk = -—
v® 2mo? exp( 20?2 >

is the Gaussian distribution describing background scattering.

(6)
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Polarization
To additionally include the linear polarization of the XFEL beam, the
scattering 1nten31ty is changed by a factor f,(k) = cos’0 + cos’dsin’0 =
1-(k;, \/2m)%, where  is the scattering angle and ¢ the azimuthal an-
gle relatlve to the direction of polarization (59). As a consequence,
for each scattering vector k, the expected number of photons from
coherent and Compton scattering is reduced by f,,(k). In contrast, the
distribution of photons arising from Auger decay is unaffected. For
our forward model, we assume therefore that the Gaussian noise I, is
multiplied by this factor while the uniform noise is not.
Accordingly, I, is replaced by

LRk, p) = £, [[,(RK) + L, (0] + 1, )
which now also depends on the molecular orientation. As result,
rotating the molecule around the beam axis does no longer corre-
spond directly to rotating the scattering images because the polar-
ization orientation is stationary. The likelihood becomes

P(kl,...,kllp)aJ dRIéexp[—IOJde (Rkp)]H (R.k;,p)
SO(3) E
8)

Irregular detector shape

Most x-ray detectors have irregular shapes. For example, the detector
used at the European XFEL (60) is composed of 16 separate modules
arranged as shown in Fig. 1B. In the forward model, the shape of the
detector is encoded in the detection probability p4(k) that a photon
with scattering vector k is registered by the detector. This formalism
allows for the inclusion of any detector shape and can also be used to
include individual detection probabilities per pixel.

The resulting likelihood function is a straightforward extension
similar to the above polarization, the only difference being that here,
all photons are affected. As a consequence, the factors p4(k;) in the
product over i factor out and can be omitted because they do not
depend on the images

1
ety fp)oc [ aR sjewp|t, [ ak puton, @] Tty (Roop)

1
ch drR Ig,exp[—IOJ dk py(K)I,, Rk, p)] TT o (R K, p)
SO(3) E i=

)

Intensity fluctuations
Fluctuations of the incoming beam intensity I are described by a y
distribution Iy ~ (Ip)I'(at, B), where (Iy) is the average intensity (61-
63). The shape and rate parameters o and p depend on the specific
free-electron laser. For the forward model, a = p = 4 was assumed,
which has been determined for an XFEL operating at 32-nm wave-
length (63).

To include these fluctuations within the likelihood function, an
additional integral over I, weighted by the probability density of the

gamma dlStrlbutl()n 1S requlred
) J
<IO) SO@3)

1
dR I'exp [—10 JEdk PalOL, (R K, p)] I (R p)
i=1

P(kl,... K | p) 1o Jdlo Ig—lexp<_
0

(10)
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Conveniently, this integral can be carried out analytically, and
the likelihood reads

—l-a

P(kl,...,kl|p)o<J de"(l+oc)[i
S0(3) (L)

1
[1%,(Rk.p)
i=1

The likelihood function in Eq. 11 represents the so far complete
forward model, including incoherently scattered photons, background
scattering, beam polarization, the irregular detector shape, and
intensity fluctuations. Accordingly, here, it was used for the tests on
noisy synthetic data.

Note that Eq. 11 assumes knowledge of the probability distribu-
tion of Ip. Such knowledge is not always given, however. An example
is the coliphage dataset considered here. For this dataset, the images
were preselected such that only images classified as hits were re-
tained, and because the hit selection is affected by the number of
photons per image, the beam intensity distribution distribution for
the selected images is not well defined and best regarded as un-
known. To adapt the likelihood function to this situation, intensity
fluctuations were treated by considering the probabilities condition-
alized on the number of photons /, replacing P(k;,..., k; | p) with

+ J dk py(0)L,,(R,k, p)
E

(11)

-1
P(ky,....k | p,]) J dR “ dk py(R)L,, (R, k, p)]
SO(3) E

(12
H

in Eq. 2. As this form is independent of I;, the intensity does not
have to be integrated as a nuisance parameter. The importance of the
likelihood function is illustrated in fig. S3, showing a virus electron
density determined using the “wrong” likelihood from Eq. 11.

Rkl,p

Structure representation
Electron density functions of the reference structures were de-
scribed by a sum of m Gaussian beads with positions y;, heights h;

and SDs o;
_ o
o)

Electron density functions of the determined electron densities
were described similarly, with one common SD ¢ = 6; and one com-
mon height h = h; for the tests on crambin but independent heights
h; for the test on the coliphage. These were treated as unknowns and
determined together with the positions y;.

The number of Gaussian functions m has been chosen heuristi-
cally. The main criterion was that it needs to high enough to accu-
rately represent the electron density at the target resolution. For the
tests on crambin, we chose m as multiples of the number of amino
acids. As an estimate, the maximum achievable resolution using m
Gaussians is obtained by the condition that the volume of the sum of
m Gaussians must equal the known volume V of the molecular elec-
tron density, resulting in an estimated width 6 = /3 / (4n) - V/m of
each Gaussian. Empirically, the maximal achievable Fourier shell
correlation resolution (using the threshold of 0.5 as described later)
corresponds to about three times this width. Last, estimating the
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volume as V.~ 5 A% Nheavy> where Nheayy is the number of heavy
atoms of the molecule, an estimate for the achievable resolution of

3v/3/(4n) -5 - HNheavy/mAz 3.2,3/Nheavy/mA is obtained. From
these heuristics we expect to achieve a resolution of 9.5 A for cram-
bin using 12 Gaussians, and 3.8 A using 184 Gaussians, which is
very close to the results of our tests. For the coliphage test case, the
volume was estimated as V = 4x/3 - (25 nm)°. Here, the above esti-
mate suggests that m = 400 Gaussians should be required to ap-
proach the detector-limited resolution of 9 nm, which also agrees
very well with our findings that a sufficiently well-defined nongran-
ular electron density is obtained only for this number of Gaussians.

Simulated scattering experiments

The forward model described in above was simulated by the follow-
ing procedure. To generate one scattering image from an electron
density p,

1. Draw the intensity I ~ (Ip)I"(a., B).

2. Draw the orientation R ~ U°[SO(3)] from a uniform distribu-
tion on the rotation group.

3.Draw [ ~ Pois [1047:(27: /MR, 0, p)], with the intensity function
I= I, for noise-free images or I = I, from Eq. 7 for noisy images.

4. Draw photon positions k;, ... ,kj uniformly distributed on
the Ewald sphere, and accept each with probability py(k;)I;p(R,
ki) p)/lnp(Rx 0’ P)

Note that this procedure works correctly because the intensity
function I(R, k, p) is always maximal at k = 0. To generate the noise-
free scattering images, I was instead set as a constant Iy = (Iy), and
the detector geometry was given by pg(k) = 1.

Computation of likelihoods

The integral over the orientation R in Egs. 4, 11, and 12 was approxi-
mated by averaging over a discrete set of typically n ~ 10° to n ~ 10°
rotations R; with weights w;. For example, in the noise-free case Eq. 4
was approximated as

P(k;,....kp)~ ) willexp [—NJ I,(RKk) dk]
i= E
; 1 (14)

HIP(Rikj)

J=t

The rotations R; and their weights s; were constructed by com-
bining a Lebedev quadrature rule on S* (64) with a uniform quadra-
ture rule on S, as described by Grif and Potts (65). To further
increase the computational efficiency, the photon positions k; were
discretized. For a more detailed explanation and further implemen-
tation details, see the Supplementary Text.

Monte Carlo-simulated annealing

Optimization and posterior sampling was performed via MCMC-
simulated annealing (66). An exponential temperature schedule
T(t) = Toexp (—t1n 2 / t1)2) was used, with Ty and t/; as listed in
table S1. The sampling challenge due to the high number of degrees
of freedom at high resolutions was alleviated by determining the
electron density in multiple hierarchical stages with an increasing
number of Gaussian beads. In each stage, the density from the pre-
vious stage was used as a proposal density, markedly increasing the
sampling performance. To define this proposal density, let yy,..., y,
be the positions of the Gaussian functions from the previous stage

Schultze and Grubmdiller, Sci. Adv. 10, eadp4425 (2024) 25 October 2024

and z,, ..., Z,, those of the current stage. Then, the proposal density
was, up to normalization, given by

! 2
i_zi ”

' / - Iz
g(zpnz, |2y5..52,) HeXP(_z—dZ>
- (15)

” z,‘ ~ Yimodn ”2
exp| — —2W2

where w is the width of the Gaussians from the previous stage. In
effect, each Gaussian bead is kept in the vicinity of one Gaussian
of the previous stage (with index i mod n). For the first stage, a
zeroth stage with just one Gaussian placed at the origin was assumed
as the previous one. The step size d was determined dynamically
by slightly increasing or decreasing it after accepted or rejected
steps, respectively.

The number of these hierarchical stages depended on the number
of Gaussians in the final stage, which in turn depends on the desired
resolution (as described above). Stages with fewer than 10 Gaussians
did not substantially reduce the required number of annealing steps.
Heuristically, the number of stages and the number of Gaussians per
stage should therefore be chosen by repeatedly halving the final
number of Gaussians until a value of about 10 is reached.

In each MCMC step, also a new common width ¢ of the Gaussians
was proposed, with normally distributed proposals restricted to posi-
tive values. For the coliphage, also the heights /; of the Gaussians were
determined. Here, separate MCMC steps with Gaussian proposals
restricted to the uniform prior U°(0.1,1) were performed for the
heights alternatingly with those for the positions, with an indepen-
dently determined step size.

The likelihood function from Eq. 2 is differentiable with respect
to the electron density, such that it is possible to apply optimization
methods that use gradient information, like, for example, stochastic
gradient descent (SGD). While it is expected that such methods of-
fer better scaling behavior (51), efficiently computing gradients on
GPUs is challenging, in particular when noise is included in the for-
ward model. In contrast, MCMC as described above is much more
straightforward and was therefore used here to demonstrate the po-
tential of our method. As a further benefit, MCMC allows to easily
sample from the posterior, which is less straightforward using SGD.

Regularized likelihood function

For stages of reduced resolution, a regularized version of the likeli-
hood function was used. To that end, consider a smoothed version of
the true electron density function p obtained by a convolution with a
Gaussian kernel, p =p = N(Greg ) The intensity function corre-
sponding to this smoothed version is, due to the Fourier convolution
theorem, given by the pointwise product of the original intensity
function and the squared absolute value of the Fourier transform of

the smoothing kernel, I;(k) = I o(k) - exp <— Gfegkz). This relationship

was used to obtain the images that would have been generated for the
smoothed structure by rejection sampling, which were then used in
the likelihood instead of the original images for the stages of reduced
resolution.

In the noise-free case, computational efficiency was further in-
creased substantially by selecting only those original images for the
likelihood computations that actually contain useful information at
the respective resolution. As described in the Supplementary Text,
the Bayesian formalism allows for removing this selection bias.
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Structure alignment and resolution estimate
The resolution of the obtained electron densities was calculated us-
ing Fourier shell correlations (48).

| |Ik||=kﬁ1 &P,k dk

\/ I||k||=k |/§1 (k) |2 dk\/ I||k||=k |/‘52(k) |2 dk

ESC(k,p;,p,) = (16)

where p; and p; are the densities to be compared and p denotes the
Fourier transform of p. The achieved resolution was determined as
271t/ kes(p1> p2), where ke(p1, p2) is the threshold at which the Fourier
shell correlation drops below the conservative threshold of 0.5 (48).
Because the orientations of the electron densities are random and
irrelevant, they were aligned to each other before calculating the
resolution, by maximizing kgc(p1, Sp2) over all orthogonal matrices
S € O(3). Both rotations and reflections were included, as x-ray
scattering images do not distinguish between mirror images. Here,
Sp denotes the rotated electron density obtained by applying S to all
positions y; from Eq. 13.

Supplementary Materials
The PDF file includes:
Supplementary Text

Figs.S1to S3

Table S1

Legend for movie S1

Other Supplementary Material for this manuscript includes the following:
Movie S1

REFERENCES AND NOTES
1. J.Hajdu, Single-molecule X-ray diffraction. Curr. Opin. Struct. Biol. 10, 569-573 (2000).
2. G.Huldt, A. Sz6ke, J. Hajdu, Diffraction imaging of single particles and biomolecules. J.
Struct. Biol. 144, 219-227 (2003).
3. K.J.Gaffney, H. N. Chapman, Imaging atomic structure and dynamics with ultrafast x-ray
scattering. Science 316, 1444-1448 (2007).
4. J.Miao, T. Ishikawa, I. K. Robinson, M. M. Murnane, Beyond crystallography: Diffractive
imaging using coherent x-ray light sources. Science 348, 530-535 (2015).
5. H.N.Chapman, C. Caleman, N. Timneanu, Diffraction before destruction. Philos. Trans. R.
Soc. Lond. B Biol. Sci. 369, 20130313 (2014).
6. R.Neutze, R. Wouts, D. van der Spoel, E. Weckert, J. Hajdu, Potential for biomolecular
imaging with femtosecond X-ray pulses. Nature 406, 752-757 (2000).
7. 1. Schlichting, Serial femtosecond crystallography: The first five years. IUCrJ 2, 246-255 (2015).
8. H.N.Chapman, Structure determination using X-ray free-electron laser pulses. Methods
Mol. Biol. 1607, 295-324 (2017).
9. K.Oda, T.Nomura, T. Nakane, K. Yamashita, K. Inoue, S. Ito, J. Vierock, K. Hirata,
A. D. Maturana, K. Katayama, T. Ikuta, I. Ishigami, T. Izume, R. Umeda, R. Eguma, S. Oishi,
G. Kasuya, T. Kato, T. Kusakizako, W. Shihoya, H. Shimada, T. Takatsuji, M. Takemoto,
R. Taniguchi, A. Tomita, R. Nakamura, M. Fukuda, H. Miyauchi, Y. Lee, E. Nango, R. Tanaka,
T.Tanaka, M. Sugahara, T. Kimura, T. Shimamura, T. Fujiwara, Y. Yamanaka, S. Owada,
Y. Joti, K. Tono, R. Ishitani, S. Hayashi, H. Kandori, P. Hegemann, S. Iwata, M. Kubo,
T. Nishizawa, O. Nureki, Time-resolved serial femtosecond crystallography reveals early
structural changes in channelrhodopsin. eLife 10, 62389 (2021).
10. J.Tenboer, S. Basu, N. Zatsepin, K. Pande, D. Milathianaki, M. Frank, M. Hunter, S. Boutet,
G. J. Williams, J. E. Koglin, D. Oberthuer, M. Heymann, C. Kupitz, C. Conrad, J. Coe,
S. Roy-Chowdhury, U. Weierstall, D. James, D. Wang, T. Grant, A. Barty, O. Yefanov, J. Scales,
C. Gati, C. Seuring, V. Srajer, R. Henning, P. Schwander, R. Fromme, A. Ourmazd, K. Moffat,
J.J.vanThor, J. C. H. Spence, P. Fromme, H. N. Chapman, M. Schmidt, Time-resolved serial
crystallography captures high-resolution intermediates of photoactive yellow protein.
Science 346, 1242-1246 (2014).
11. T.R.M.Barends, B. Stauch, V. Cherezov, I. Schlichting, Serial femtosecond crystallography.
Nat. Rev. Methods Primers 2, 59 (2022).
12. U.Zastrau, K. Appel, C. Baehtz, O. Baehr, L. Batchelor, A. Berghauser, M. Banjafar,
E. Brambrink, V. Cerantola, T. E. Cowan, H. Damker, S. Dietrich, S. di Dio Cafiso, J. Dreyer,

Schultze and Grubmdiller, Sci. Adv. 10, eadp4425 (2024) 25 October 2024

20.

21.

22.

23.

24,

25.

26.

27.

28.
29.

30.

31.

32

H. 0. Engel, T. Feldmann, S. Findeisen, M. Foese, D. Fulla-Marsa, S. Gode, M. Hassan,

J. Hauser, T. Herrmannsdorfer, H. Hoppner, J. Kaa, P. Kaever, K. Knéfel, Z. Konopkova,

A. Laso Garcia, H. P. Liermann, J. Mainberger, M. Makita, E. C. Martens, E. E. McBride,

D. Méller, M. Nakatsutsumi, A. Pelka, C. Plueckthun, C. Prescher, T. R. Preston, M. Roper,
A. Schmidt, W. Seidel, J. P. Schwinkendorf, M. O. Schoelmerich, U. Schramm, A. Schropp,
C. Strohm, K. Sukharnikov, P. Talkovski, I. Thorpe, M. Toncian, T. Toncian, L. Wollenweber,
S.Yamamoto, T. Tschentscher, The high energy density scientific instrument at the
European XFEL. J. Synchrotron Radiat. 28, 1393-1416 (2021).

. Z.Sun, J. Fan, H. Li, H. Jiang, Current status of single particle imaging with X-ray lasers.

Appl. Sci. 8,132 (2018).

. M. M. Seibert, T. Ekeberg, F. R. N. C. Maia, M. Svenda, J. Andreasson, O. Jonsson, D. Odi¢,

B. lwan, A. Rocker, D. Westphal, M. Hantke, D. P. DePonte, A. Barty, J. Schulz, L. Gumprecht,
N. Coppola, A. Aquila, M. Liang, T. A. White, A. Martin, C. Caleman, S. Stern, C. Abergel,

V. Seltzer, J. M. Claverie, C. Bostedt, J. D. Bozek, S. Boutet, A. A. Miahnahri,

M. Messerschmidt, J. Krzywinski, G. Williams, K. O. Hodgson, M. J. Bogan, C. Y. Hampton,
R. G. Sierra, D. Starodub, I. Andersson, S. Bajt, M. Barthelmess, J. C. H. Spence, P. Fromme,
U. Weierstall, R. Kirian, M. Hunter, R. B. Doak, S. Marchesini, S. P. Hau-Riege, M. Frank,

R. L. Shoeman, L. Lomb, S. W. Epp, R. Hartmann, D. Rolles, A. Rudenko, C. Schmidt,

L. Foucar, N. Kimmel, P. Holl, B. Rudek, B. Erk, A. Homke, C. Reich, D. Pietschner,

G. Weidenspointner, L. Striider, G. Hauser, H. Gorke, J. Ullrich, I. Schlichting, S. Herrmann,
G. Schaller, F. Schopper, H. Soltau, K. U. Kiihnel, R. Andritschke, C. D. Schréter, F. Krasniqi,
M. Bott, S. Schorb, D. Rupp, M. Adolph, T. Gorkhover, H. Hirsemann, G. Potdevin,

H. Graafsma, B. Nilsson, H. N. Chapman, J. Hajdu, Single mimivirus particles intercepted
and imaged with an X-ray laser. Nature 470, 78-81 (2011).

. T.Ekeberg, M. Svenda, C. Abergel, F. R. N. C. Maia, V. Seltzer, J. M. Claverie, M. Hantke,

0. Jonsson, C. Nettelblad, G. van der Schot, M. Liang, D. P. DePonte, A. Barty, M. M. Seibert,
B.Iwan, I. Andersson, N. D. Loh, A. V. Martin, H. Chapman, C. Bostedt, J. D. Bozek,

K. R. Ferguson, J. Krzywinski, S. W. Epp, D. Rolles, A. Rudenko, R. Hartmann, N. Kimmel,

J. Hajdu, Three-dimensional reconstruction of the giant mimivirus particle with an x-ray
free-electron laser. Phys. Rev. Lett. 114,098102 (2015).

. A.Hosseinizadeh, P. Schwander, A. Dashti, R. Fung, R. M. D'Souza, A. Ourmazd,

High-resolution structure of viruses from random diffraction snapshots. Philo. Trans. R.
Soc. Lond. B Biol. Sci. 369, 20130326 (2014).

. B.von Ardenne, M. Mechelke, H. Grubmiiller, Structure determination from single

molecule X-ray scattering with three photons per image. Nat. Commun. 9,
2375 (2018).

. V. L. Shneerson, A. Ourmazd, D. K. Saldin, Crystallography without crystals. |. The

common-line method for assembling a three-dimensional diffraction volume from
single-particle scattering. Acta Crystallogr. A 64, 303-315 (2008).

. N.-T. D. Loh, V. Elser, Reconstruction algorithm for single-particle diffraction imaging

experiments. Phys. Rev. E 80, 026705 (2009).

M. Walczak, H. Grubmdiller, Bayesian orientation estimate and structure information from
sparse single-molecule x-ray diffraction images. Phys. Rev. E 90, 022714 (2014).

S. Kassemeyer, A. Jafarpour, L. Lomb, J. Steinbrener, A.V. Martin, I. Schlichting, Optimal
mapping of x-ray laser diffraction patterns into three dimensions using routing
algorithms. Phys. Rev. E 88, 042710 (2013).

V. Elser, Three-dimensional structure from intensity correlations. New J. Phys. 13,

123014 (2011).

M. Tegze, G. Bortel, Atomic structure of a single large biomolecule from diffraction
patterns of random orientations. J. Struct. Biol. 179, 41-45 (2012).

J. Flamant, N. Le Bihan, A. V. Martin, J. H. Manton, Expansion-maximization-compression
algorithm with spherical harmonics for single particle imaging with x-ray lasers. Phys. Rev.
E93,053302 (2016).

K. Ayyer, T.-Y. Lan, V. Elser, N. D. Loh, Dragonfly: An implementation of the
expand-maximize—compress algorithm for single-particle imaging. J. Appl. Cryst. 49,
1320-1335(2016).

V. Elser, I. Rankenburg, P. Thibault, Searching with iterated maps. Proc. Natl. Acad. Sci. 104,
418-423 (2007).

D. R. Luke, Relaxed averaged alternating reflections for diffraction imaging. Inverse Probl.
21, 37 (2005).

J. R. Fienup, Phase retrieval algorithms: A comparison. Appl. Opt. 21, 2758-2769 (1982).
A. Hosseinizadeh, G. Mashayekhi, J. Copperman, P. Schwander, A. Dashti, R. Sepehr,

R. Fung, M. Schmidt, C. H. Yoon, B. G. Hogue, G. J. Williams, A. Aquila, A. Ourmazd,
Conformational landscape of a virus by single-particle X-ray scattering. Nat. Methods 14,
877-881 (2017).

R. Fung, V. Shneerson, D. K. Saldin, A. Ourmazd, Structure from fleeting illumination of
faint spinning objects in flight. Nat. Phys. 5, 64-67 (2009).

P. Schwander, D. Giannakis, C. H. Yoon, A. Ourmazd, The symmetries of image

formation by scattering. Il. Applications. Opt. Express 20, 12827-12849 (2012).

D. Giannakis, P. Schwander, A. Ourmazd, The symmetries of image formation

by scattering. |. Theoretical framework. Opt. Express 20, 12799-12826

(2012).

90of 11

¥202 'Sz 4800100 U0 BI080US 105 MMM//:SANY WO.J PaPe0 lUMOQ



SCIENCE ADVANCES | RESEARCH ARTICLE

34,

35.

36.

37.

38.

39.

40.

41.
42.

43.

44,

45.

46.

47.
48.
49.

50.

Schultze and Grubmdiller, Sci. Adv. 10, eadp4425 (2024)

. M. Winter, U. Saalmann, J. M. Rost, Enhancing scattering images for orientation recovery

with diffusion map. Opt. Express 24, 3672-3683 (2016).

D. K. Saldin, V. L. Shneerson, R. Fung, A. Ourmazd, Structure of isolated biomolecules
obtained from ultrashort x-ray pulses: Exploiting the symmetry of random orientations. J.
Phys. Condens. Matter 21, 134014 (2009).

D. K. Saldin, H.-C. Poon, P. Schwander, M. Uddin, M. Schmidt, Reconstructing an icosahedral
virus from single-particle diffraction experiments. Opt. Express 19, 17318-17335 (2011).

D. K. Saldin, H. C. Poon, V. L. Shneerson, M. Howells, H. N. Chapman, R. A. Kirian,

K. E. Schmidt, J. C. H. Spence, Beyond small-angle x-ray scattering: Exploiting angular
correlations. Phys. Rev. B 81, 174105 (2010).

D. K. Saldin, H. C. Poon, M. J. Bogan, S. Marchesini, D. A. Shapiro, R. A. Kirian, U. Weierstall,
J.C. H. Spence, New light on disordered ensembles: Ab initio structure determination of
one particle from scattering fluctuations of many copies. Phys. Rev. Lett. 106,

115501 (2011).

D. K. Saldin, V. L. Shneerson, M. R. Howells, S. Marchesini, H. N. Chapman, M. Bogan,

D. Shapiro, R. A. Kirian, U. Weierstall, K. E. Schmidt, J. C. H. Spence, Structure of a single
particle from scattering by many particles randomly oriented about an axis: Toward
structure solution without crystallization? New J. Phys. 12, 035014 (2010).

D. Starodub, A. Aquila, S. Bajt, M. Barthelmess, A. Barty, C. Bostedt, J. D. Bozek, N. Coppola,
R. B. Doak, S. W. Epp, B. Erk, L. Foucar, L. Gumprecht, C. Y. Hampton, A. Hartmann,

R. Hartmann, P. Holl, S. Kassemeyer, N. Kimmel, H. Laksmono, M. Liang, N. D. Loh, L. Lomb,
A.V. Martin, K. Nass, C. Reich, D. Rolles, B. Rudek, A. Rudenko, J. Schulz, R. L. Shoeman,

R. G. Sierra, H. Soltau, J. Steinbrener, F. Stellato, S. Stern, G. Weidenspointner, M. Frank,

J. Ullrich, L. Strider, I. Schlichting, H. N. Chapman, J. C. H. Spence, M. J. Bogan,
Single-particle structure determination by correlations of snapshot X-ray diffraction
patterns. Nat. Commun. 3, 1276 (2012).

R. P.Kurta, J. J. Donatelli, C. H. Yoon, P. Berntsen, J. Bielecki, B. J. Daurer, H. DeMirci,

P. Fromme, M. F. Hantke, F. R. N. C. Maia, A. Munke, C. Nettelblad, K. Pande,

H. K. N. Reddy, J. A. Sellberg, R. G. Sierra, M. Svenda, G. van der Schot, . A. Vartanyants,
G. J. Williams, P. L. Xavier, A. Aquila, P. H. Zwart, A. P. Mancuso, Correlations in scattered
x-ray laser pulses reveal nanoscale structural features of viruses. Phys. Rev. Lett. 119,
158102 (2017).

J.J. Donatelli, P. H. Zwart, J. A. Sethian, Iterative phasing for fluctuation X-ray scattering.
Proc. Natl. Acad. Sci. U.S.A. 112, 10286-10291 (2015).

Z.Kam, The reconstruction of structure from electron micrographs of randomly oriented
particles. J. Theor. Biol. 82, 15-39 (1980).

C. H.Yoon, M. V. Yurkov, E. A. Schneidmiller, L. Samoylova, A. Buzmakov, Z. Jurek, B. Ziaja,
R. Santra, N. D. Loh, T. Tschentscher, A. P. Mancuso, A comprehensive simulation
framework for imaging single particles and biomolecules at the European X-ray
free-electron laser. Sci. Rep. 6, 24791 (2016).

E. Soboley, S. Zolotarev, K. Giewekemeyer, J. Bielecki, K. Okamoto, H. K. N. Reddy,

J. Andreasson, K. Ayyer, |. Barak, S. Bari, A. Barty, R. Bean, S. Bobkov, H. N. Chapman,

G. Chojnowski, B. J. Daurer, K. Dorner, T. Ekeberg, L. Fliickiger, O. Galzitskaya, L. Gelisio,

S. Hauf, B. G. Hogue, D. A. Horke, A. Hosseinizadeh, V. llyin, C. Jung, C. Kim, Y. Kim,

R. A. Kirian, H. Kirkwood, O. Kulyk, J. Kiipper, R. Letrun, N. D. Loh, K. Lorenzen,

M. Messerschmidt, K. Miihlig, A. Ourmazd, N. Raab, A. V. Rode, M. Rose, A. Round, T. Sato,
R. Schubert, P. Schwander, J. A. Sellberg, M. Sikorski, A. Silenzi, C. Song, J. C. H. Spence,

S. Stern, J. Sztuk-Dambietz, A. Teslyuk, N. Timneanu, M. Trebbin, C. Uetrecht,

B. Weinhausen, G. J. Williams, P. L. Xavier, C. Xy, |. A. Vartanyants, V. S. Lamzin, A. Mancuso,
F.R.N. C. Maia, Megahertz single-particle imaging at the European XFEL. Commun. Phys.
3,97 (2020).

H. K. N. Reddy, C. H. Yoon, A. Aquila, S. Awel, K. Ayyer, A. Barty, P. Berntsen, J. Bielecki,

S. Bobkov, M. Bucher, G. A. Carini, S. Carron, H. Chapman, B. Daurer, H. DeMirci, T. Ekeberg,
P. Fromme, J. Hajdu, M. F. Hanke, P. Hart, B. G. Hogue, A. Hosseinizadeh, Y. Kim, R. A. Kirian,
R. P.Kurta, D. S. D. Larsson, N. Duane Loh, F. R. N. C. Maia, A. P. Mancuso, K. Miihlig,

A. Munke, D. Nam, C. Nettelblad, A. Ourmazd, M. Rose, P. Schwander, M. Seibert,

J. A. Sellberg, C. Song, J. C. H. Spence, M. Svenda, G. van der Schot, I. A. Vartanyants,

G. J. Williams, P. L. Xavier, Coherent soft X-ray diffraction imaging of coliphage PR772 at
the Linac coherent light source. Sci. Data 4, 170079 (2017).

C. Jelsch, M. M. Teeter, V. Lamzin, V. Pichon-Pesme, R. H. Blessing, C. Lecomte, Accurate
protein crystallography at ultra-high resolution: Valence electron distribution in crambin.
Proc. Natl. Acad. Sci. U.S.A. 97, 3171-3176 (2000).

M. F. Hantke, T. Ekeberg, F. R. N. C. Maia, Condor: A simulation tool for flash X-ray imaging.
J. Appl. Cryst. 49, 1356-1362 (2016).

M. van Heel, M. Schatz, Fourier shell correlation threshold criteria. J. Struct. Biol. 151,
250-262 (2005).

M. Cuturi, Advances in Neural Information Processing Systems (Curran Associates Inc.,
2013), vol. 26.

K. Ayyer, A. J. Morgan, A. Aquila, H. DeMirci, B. G. Hogue, R. A. Kirian, P. L. Xavier,

C. H.Yoon, H. N. Chapman, A. Barty, Low-signal limit of X-ray single particle diffractive
imaging. Opt. Express 27, 37816-37833 (2019).

25 October 2024

51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

67.

D. R. Luke, S. Schultze, H. Grubmdiller, Stochastic algorithms for large-scale

composite optimization: The case of single-shot X-FEL imaging. arXiv:2401.13454
(2024).

J. Jumper, R. Evans, A. Pritzel, T. Green, M. Figurnov, O. Ronneberger, K. Tunyasuvunakool,
R. Bates, A. Zidek, A. Potapenko, A. Bridgland, C. Meyer, S. A. A. Kohl, A. J. Ballard,

A. Cowie, B. Romera-Paredes, S. Nikolov, R. Jain, J. Adler, T. Back, S. Petersen, D. Reiman,
E. Clancy, M. Zielinski, M. Steinegger, M. Pacholska, T. Berghammer, S. Bodenstein,

D. Silver, O. Vinyals, A. W. Senior, K. Kavukcuoglu, P. Kohli, D. Hassabis, Highly accurate
protein structure prediction with AlphaFold. Nature 596, 583-589 (2021).

I. Inoue, J. Yamada, K. J. Kapcia, M. Stransky, V. Tkachenko, Z. Jurek, T. Inoue, T. Osaka,

Y. Inubushi, A. Ito, Y. Tanaka, S. Matsuyama, K. Yamauchi, M. Yabashi, B. Ziaja,
Femtosecond reduction of atomic scattering factors triggered by intense X-ray pulse.
Phys. Rev. Lett. 131, 163201 (2023).

M. Stransky, J. E, Z. Jurek, R. Santra, R. Bean, B. Ziaja, A. P. Mancuso, Computational study
of diffraction image formation from XFEL irradiated single ribosome molecule. Sci. Rep.
14,10617 (2024).

S. H. W. Scheres, RELION: Implementation of a Bayesian approach to cryo-EM structure
determination. J. Struct. Biol. 180, 519-530 (2012).

R. A.Kirian, S. Awel, N. Eckerskorn, H. Fleckenstein, M. Wiedorn, L. Adriano, S. Bajt,

M. Barthelmess, R. Bean, K. R. Beyerlein, L. M. G. Chavas, M. Domaracky, M. Heymann,

D. A. Horke, J. Knoska, M. Metz, A. Morgan, D. Oberthuer, N. Roth, T. Sato, P. L. Xavier,

0. Yefanov, A.V. Rode, J. Kiipper, H. N. Chapman, Simple convergent-nozzle aerosol
injector for single-particle diffractive imaging with X-ray free-electron lasers. Struct. Dyn.
2,041717 (2015).

D. P. DePonte, U. Weierstall, K. Schmidt, J. Warner, D. Starodub, J. C. H. Spence, R. B. Doak,
Gas dynamic virtual nozzle for generation of microscopic droplet streams. J. Phys. D Appl.
Phys. 41, 195505 (2008).

D. J. Hoffman, T. B. van Driel, T. Kroll, C. J. Crissman, E. S. Ryland, K. J. Nelson,

A. A. Cordones, J. D. Koralek, D. P. DePonte, Microfluidic liquid sheets as

large-area targets for high repetition XFELs. Front. Mol. Biosci. 9, 1048932 (2022).

C. Giacovazzo, H. L. Monaco, G. Artioli, D. Viterbo, M. Milanesio, G. Gilli, P. Gilli, G. Zanotti,
G. Ferraris, M. Catti, Fundamentals of Crystallography (OUP Oxford, 2011).

A. Allahgholi, J. Becker, A. Delfs, R. Dinapoli, P. Goettlicher, D. Greiffenberg, B. Henrich,

H. Hirsemann, M. Kuhn, R. Klanner, A. Klyuev, H. Krueger, S. Lange, T. Laurus, A. Marras,
D. Mezza, A. Mozzanica, M. Niemann, J. Poehlsen, J. Schwandt, I. Sheviakov, X. Shi,

S. Smoljanin, L. Steffen, J. Sztuk-Dambietz, U. Trunk, Q. Xia, M. Zeribi, J. Zhang, M. Zimmer,
B. Schmitt, H. Graafsma, The adaptive gain integrating pixel detector at the European
XFEL. J. Synchrotron Radiat. 26, 74-82 (2019).

K.Yun, S. Kim, D. Kim, M. Chung, W. Jo, H. Hwang, D. Nam, S. Kim, J. Kim, S. Y. Park,

K. S.Kim, C. Song, S. Lee, H. Kim, Coherence and pulse duration characterization of the
PAL-XFEL in the hard X-ray regime. Sci. Rep. 9, 3300 (2019).

E. L. Saldin, E. A. Schneidmiller, M. V. Yurkov, Statistical properties of radiation from VUV
and X-ray free electron laser. Opt. Commun. 148, 383-403 (1998).

V. Ayvazyan, N. Baboi, J. Béhr, V. Balandin, B. Beutner, A. Brandt, |. Bohnet, A. Bolzmann,
R. Brinkmann, O. |. Brovko, J. P. Carneiro, S. Casalbuoni, M. Castellano, P. Castro, L. Catani,
E. Chiadroni, S. Choroba, A. Cianchi, H. Delsim-Hashemi, G. di Pirro, M. Dohlus, S. Diisterer,
H.T. Edwards, B. Faatz, A. A. Fateev, J. Feldhaus, K. FIéttmann, J. Frisch, L. Frohlich,

T. Garvey, U. Gensch, N. Golubeva, H. J. Grabosch, B. Grigoryan, O. Grimm, U. Hahn,

J.H. Han, M. V. Hartrott, K. Honkavaara, M. Huning, R. Ischebeck, E. Jaeschke, M. Jablonka,
R. Kammering, V. Katalev, B. Keitel, S. Khodyachykh, Y. Kim, V. Kocharyan, M. Korfer,

M. Kollewe, D. Kostin, D. Kramer, M. Krassilnikov, G. Kube, L. Lilje, T. Limberg, D. Lipka,
F.Lohl, M. Luong, C. Magne, J. Menzel, P. Michelato, V. Miltchev, M. Minty, W. D. Méller,

L. Monaco, W. Miiller, M. Nagl, O. Napoly, P. Nicolosi, D. Nélle, T. Nuiiez, A. Oppelt,

C. Pagani, R. Paparella, B. Petersen, B. Petrosyan, J. Pflliger, P. Piot, E. Plonjes, L. Poletto,

D. Proch, D. Pugachov, K. Rehlich, D. Richter, S. Riemann, M. Ross, J. Rossbach,

M. Sachwitz, E. L. Saldin, W. Sandner, H. Schlarb, B. Schmidt, M. Schmitz, P. Schmdser,
J.R. Schneider, E. A. Schneidmiller, H. J. Schreiber, S. Schreiber, A. V. Shabunov, D. Sertore,
S. Setzer, S. Simrock, E. Sombrowski, L. Staykov, B. Steffen, F. Stephan, F. Stulle,

K. P. Sytchev, H. Thom, K. Tiedtke, M. Tischer, R. Treusch, D. Trines, |. Tsakov, A. Vardanyan,
R.Wanzenberg, T. Weiland, H. Weise, M. Wendt, I. Will, A. Winter, K. Wittenburg,

M. V. Yurkov, |. Zagorodnov, P. Zambolin, K. Zapfe, First operation of a free-electron laser
generating GW power radiation at 32 nm wavelength. Eur. Phys. J. D At. Mol. Opt. Phys. 37,
297-303 (2006).

SPHERE_LEBEDEV_RULE - Quadrature Rules for the Sphere; https://people.sc.fsu.edu/
jburkardt/datasets/sphere_lebedev_rule/sphere_lebedev_rule.html.

M. Gréf, D. Potts, Sampling sets and quadrature formulae on the rotation group. Numer.
Funct. Anal. Optim. 30, 665-688 (2009).

S. Kirkpatrick, J. C. D. Gelatt, M. P. Vecchi, Optimization by simulated annealing. Science
220, 671-680 (1983).

J. Bezanson, A. Edelman, S. Karpinski, V. B. Shah, Julia: A fresh approach to numerical
computing. SIAM Rev. Soc. Ind. Appl. Math. 59, 65-98 (2017).

100f 11

¥202 'Sz 4800100 U0 BI080US 105 MMM//:SANY WO.J PaPe0 lUMOQ


https://people.sc.fsu.edu/jburkardt/datasets/sphere_lebedev_rule/sphere_lebedev_rule.html
https://people.sc.fsu.edu/jburkardt/datasets/sphere_lebedev_rule/sphere_lebedev_rule.html

SCIENCE ADVANCES | RESEARCH ARTICLE

Acknowledgments

Funding: This work was financially supported by the Federal Ministry of Education and
Research through the joint research project 05K20EGA Fluctuation XFEL, and the Deutsche
Forschungsgemeinschaft (DFG, German Research Foundation), CRC 1456/1, 432680300.
Author contributions: S.S. and H.G. conceived research, S.S. carried out research, and S.S. and
H.G. wrote paper. Competing interests: The authors declare that they have no competing
interests. Data and materials availability: All data needed to evaluate the conclusions in the
paper are present in the paper and/or the Supplementary Materials. We have implemented

Schultze and Grubmdiller, Sci. Adv. 10, eadp4425 (2024) 25 October 2024

our method in the Julia programming language (67). The source code is available at https://

doi.org/10.5281/zenodo.12543847 and https://gitlab.gwdg.de/sschult/xfel.

Submitted 26 March 2024
Accepted 16 September 2024
Published 25 October 2024
10.1126/sciadv.adp4425

110f 11

¥202 'Sz 4800100 U0 BI080US 105 MMM//:SANY WO.J PaPe0 lUMOQ


https://doi.org/10.5281/zenodo.12543847
https://doi.org/10.5281/zenodo.12543847
https://gitlab.gwdg.de/sschult/xfel

	Bayesian electron density determination from sparse and noisy single-molecule X-ray scattering images
	INTRODUCTION
	RESULTS
	Bayesian inference of single-molecule x-ray scattering
	Electron density reconstruction from noise-free images
	Density determination from noisy images
	Application to experimental data

	DISCUSSION
	MATERIALS AND METHODS
	Noise-free forward model
	Incoherent and background scattering
	Polarization
	Irregular detector shape
	Intensity fluctuations
	Structure representation
	Simulated scattering experiments
	Computation of likelihoods
	Monte Carlo–simulated annealing
	Regularized likelihood function
	Structure alignment and resolution estimate

	Supplementary Materials
	The PDF file includes:
	Other Supplementary Material for this manuscript includes the following:

	REFERENCES AND NOTES
	Acknowledgments

	Bayesian electron density determination from sparse and noisy single-molecule X-ray scattering images
	INTRODUCTION
	RESULTS
	Bayesian inference of single-molecule x-ray scattering
	Electron density reconstruction from noise-free images
	Density determination from noisy images
	Application to experimental data

	DISCUSSION
	MATERIALS AND METHODS
	Noise-free forward model
	Incoherent and background scattering
	Polarization
	Irregular detector shape
	Intensity fluctuations
	Structure representation
	Simulated scattering experiments
	Computation of likelihoods
	Monte Carlo–simulated annealing
	Regularized likelihood function
	Structure alignment and resolution estimate

	Supplementary Materials
	The PDF file includes:
	Other Supplementary Material for this manuscript includes the following:

	REFERENCES AND NOTES
	Acknowledgments


