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P H Y S I C S

First-passage statistics of colloids on fractals:  
Theory and experimental realization
Christoph Zunke1, Jörg Bewerunge1, Florian Platten1,2, Stefan U. Egelhaaf1, Aljaž Godec3*

In nature and technology, particle dynamics frequently occur in complex environments, for example in restricted 
geometries or crowded media. These dynamics have often been modeled invoking a fractal structure of the 
medium although the fractal structure was only indirectly inferred through the dynamics. Moreover, systematic 
studies have not yet been performed. Here, colloidal particles moving in a laser speckle pattern are used as a 
model system. In this case, the experimental observations can be reliably traced to the fractal structure of the 
underlying medium with an adjustable fractal dimension. First-passage time statistics reveal that the particles 
explore the speckle in a self-similar, fractal manner at least over four decades in time and on length scales up to 
20 times the particle radius. The requirements for fractal diffusion to be applicable are laid out, and methods to 
extract the fractal dimension are established.

INTRODUCTION
A fractal is a self-similar geometrical object that appears identical 
on all observed length scales (1). Concepts of fractal geometry (1) 
and the related percolation (2) are deeply ingrained in the theoreti-
cal description of transport and diffusion in complex media (3). 
Diffusion and transport in fractal spaces (4, 5) have been applied to 
a diverse range of processes and systems, including fracture networks 
(6), porous media (7), disordered alloys (8), structured surfaces (9), 
cellular cytoplasm (10–12), plasma membranes (13, 14), and chromatin 
(15, 16). For the organization of chromatin, a fractal structure plays 
a particularly important role; the fractal packaging is believed to 
facilitate long-range enhancer-promoter interactions and thereby 
control gene transcription (17, 18) through a complex interplay 
between packing and transcription (18). In addition, the conforma-
tional dynamics of proteins has been linked to the fractal-like structure 
of configuration space (19). Moreover, the confinement to a fractal 
space has important and nontrivial consequences for transport- 
dependent processes. For example, in diffusion-dominated chemi-
cal reactions and ligand binding, such as occurring in the chromatin 
system, the (fractal) geometry of the surrounding space determines 
whether molecules explore this space recurrently or transiently, which 
in turn determines, e.g., the dependence of the reaction rate on the 
concentration or initial separation of reactant molecules (3, 20).

Diffusion on a fractal is often inferred because structural data 
(7, 8, 21, 22) or transiently anomalous diffusion (3, 15, 16, 23) sug-
gests a fractal structure of the medium. However, a solid physical 
basis for invoking fractal concepts is often missing because of 
ambiguous predictions of diffusion models. Because fractals cover 
multiple spatial scales, a conclusive inference of a fractal structure 
and its fractal dimension requires an elaborate multimodal ap-
proach (18) that integrates tomography (24), superresolution mi-
croscopy (25, 26), spectroscopic imaging (27), and computational 
methods (28). To avoid or resolve controversies without resorting to 
such complex endeavors, the grand long-term aim is to establish a 

“toolbox” for disentangling the microscopic origins of anomalous 
dynamics (10, 29–31). This can be provided by first- passage observ-
ables, which characterize the first instance a diffusing particle 
reaches some predefined destination (20, 32–35). They are typically 
very sensitive to the underlying transport mechanism (36, 37). In par-
ticular, they have been shown to successfully discriminate diffusion 
on fractal objects from other types of dynamics (37). Nevertheless, 
first-passage time distributions are rarely measured in experiments 
and are only slowly emerging as powerful experimental observables 
(38, 39), which have not yet been applied to fractals.

In contrast to the very complex environments, for example, in-
side living cells (10–16, 40), and the difficulty to follow individual 
atoms and molecules, colloidal particles in external potentials rep-
resent an ideal model system. Because of their high susceptibility to 
external fields, colloidal particles can be precisely manipulated by, 
e.g., light (41–46), electrical and magnetic fields (41, 47–49), or mi-
crofluidic devices (50). Furthermore, their response to an external 
field can be followed on all relevant length scales, i.e., from the 
microscopic level of individual particles to the macroscopic bulk 
behavior of many particle systems. Thus, colloidal particles in a 
well-defined fractal environment with a tunable fractal dimension 
promise to be a powerful model system for systematic, quantitative 
studies.

Here, we present such a system. Micrometer-sized colloidal par-
ticles moving in a quasi–two-dimensional plane were exposed to a 
laser speckle pattern (43, 51–54) whose random structure has been 
linked to fractals (55). Whereas the arrangement of the particles has 
been addressed previously (54), we now investigate the particle dy-
namics. The particles were followed by optical microscopy (Fig. 1A), 
and, instead of the usual mean squared displacement, we focused on 
the first-passage statistics. This revealed that a particle explores the 
speckle pattern in a self-similar, fractal manner at least over four 
orders of magnitude in time and on length scales at least 8 to 20 times 
the particle radius.

After performing the experiments, we developed a theoretical 
explanation for the observed fractal exploration of the speckle pat-
tern based on the assumption that the particle remains confined to 
high-intensity regions (Fig. 1B). The largest connected high-intensity 
region is shown to display a self-similar structure. As will be shown 
below, its (Minkowski) fractal dimension, df, can be continuously 
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adjusted by increasing the laser power. Within the investigated range, 
a linear relationship between the laser power and df is observed and 
corroborated qualitatively by our computer simulations. We discuss 
the relevance of our results and illustrate it by the fractal packaging 
of chromatin and its consequences for transcription regulation. Our 
experimental realization represents a versatile and controllable plat-
form for probing particle arrangements (54) and, as shown here, 
particle dynamics on a fractal structure. It offers novel opportunities 
for systematic investigations of effective diffusion in fractal spaces.

RESULTS
Experimental characterization of the dynamics in 
speckle patterns
A dilute aqueous suspension of polystyrene spheres with radius 
 = 1.4 m was investigated. These moved in a quasi–two-dimensional 
plane at the bottom of the sample cell because of the density mis-
match with water and the radiation pressure. The particles were ex-
posed to laser speckles generated by illuminating a diffuser with an 
expanded laser beam (Fig. 1A; see Materials and Methods for details 
on the samples and setup). This imposed an external potential on 
the particles (54). While the particles explored the speckle pattern, 
they were observed with an inverted microscope. From the images, 
particle positions were extracted, and particle trajectories R(t) were 
reconstructed (56).

In experiments, typically the so-called ensemble and time-averaged 
mean squared displacement of a particle  〈 ‾   R   2  (t ) 〉 =  [N(T − t ) ]   −1   
∑ i=1  N     ∫0  T−t     [ R  i  (t′+ t ) −  R  i  (t′) ]   2  dt′  is determined, i.e., the squared rel-
ative displacement of the particle within a lag time t averaged over a 
long trajectory of duration T as well as over trajectories of differ-
ent particles (57). At short lag times,  〈 ‾   R   2  (t ) 〉  displays a normal, 
 〈 ‾   R   2  (t ) 〉 ∝ t , and at intermediate lag times, a transiently subdiffusive 
scaling,  〈 ‾   R   2  (t ) 〉 ∝  t      with  < 1. It again turns normal  〈 ‾   R   2  (t ) 〉 ∝ t  
once the particle has explored larger areas of the quenched laser 
speckle (58). Correspondingly, the effective diffusion coefficient 
  D  P  (t ) ≡ d〈 ‾   R   2  (t ) 〉 / 4dt  is constant at short times, decreases at interme-
diate times, and again is constant at long times with a value DP(t → ∞) that 
decreases with increasing laser power P (Fig. 1A, bottom). The full 
span of scaling is quantified in terms of the “anomalous exponent” 
 (t ) ≡ dln〈 ‾   R   2  (t ) 〉 / dln t  that starts with, and at long time converges 
to, 1, i.e., (t = 0) = (t → ∞ ) = 1, whereas (t) < 1 at intermediate times 
(Fig. 1A, bottom).

Instead of  〈 ‾   R   2  (t ) 〉 , we focus on the first-passage time statistics. 
On the basis of the trajectories, we determined the first-passage time R, 
which is defined as the first instance in time the particle is displaced a 
distance R from its original location R(0), i.e.,     R   ≡  min  t   { ∣R(t ) − R(0 ) ∣= R} . 
The mean first-passage time 〈R〉 is shown as a function of the dis-
placement R and for different laser powers P in Fig. 2A. With increasing 
laser power P, the mean first-passage time 〈R〉 increases, indicating 
a slowing down of the dynamics, as expected. Furthermore, 〈R〉 also 
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Fig. 1. Experimental setup and example of an effective intensity pattern experienced by a particle. (A) Schematic of the experimental setup as well as part of an 
experimentally realized speckle pattern I(R) (green) and part of a typical image of the sample with the inset depicting a typical trajectory in the presence of a light field 
with laser intensity P4. Scale bars, 10 m. Bottom: Effective diffusion coefficient   D  Pi  (t ) ≡ d〈 ‾   R   2  (t ) 〉 / 4dt  normalized by the effective diffusion coefficient in the absence of 
a light field, DP0(t), and in the inset the “anomalous exponent”  (t ) ≡ d ln〈 ‾   R   2  (t ) 〉 / dln t , in the absence (P0) and presence of a light field I(R) (where the laser intensity increases 
from P1 to P4). (B) Example of (top) a simulated effective intensity   I eff  

   (R)  corresponding to the experimentally realized speckle pattern I(R) integrated over a particle of 
radius  = 1.4 m. The effective intensity is normalized by the maximum effective intensity   I eff,max      . The arrow denotes    I eff  

    /  I eff,max       used for thresholding. Bottom: Thresholded 
(binary) effective intensity     ~ I   eff  


   (R) , which indicates areas with low intensity    [    I eff  

   (R ) <  I eff,max      −   I eff  
     , represented by a value of 0] and high intensity    [    I eff  

   (R ) ≥  I eff,max      −   I eff  
     , 

represented by a value of 1]. It is also displayed in a two-dimensional representation (bottom). The particles are assumed to diffuse in areas of uniform high intensity 
(purple areas) and to not enter the low-intensity (black) areas. The high-intensity areas represent fractal clusters displaying a self-similar, fractal structure whose fractal 
dimension depends on the laser power.
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increases with increasing displacement R. The results in Fig. 2A 
suggest a scaling 〈R〉 ∝ R2 in agreement with the universal scaling of 
diffusive Markov processes (59). Using this scaling, for each laser 
power P, the probability density of the first-passage time ℘(R) can 
be collapsed onto a single master curve irrespective of R (Fig. 2B, 
symbols). The collapsed probability density broadens and moves to 
larger first-passage times R with increasing laser power P.

Theory of first-passage statistics in fractal media
For a theoretical description of the particle motion, the generalized 
(mean field) diffusion equation was adopted (4, 5). The generalized 
diffusion equation was shown to adequately describe first-passage 
statistics for random walks on deterministic fractals, such as a Sierpinski 
gasket and T graph, as well as on (random) critical percolation clus-
ters for a broad range of system sizes including small systems (20). 
To describe the experiments, the particles were assumed to diffuse 
on an isotropic random fractal with hard walls and fractal dimen-
sion 0 < df ≤ 2 (Fig. 1B). (However, below, we extend the results to 
higher fractal dimensions and subdiffusion.) We can formulate the 
statistics of first passage as a two-point boundary value problem, 
which is analytically solvable (for details, see Materials and Meth-
ods). The mean first-passage time 〈R〉 can be shown to be given by

  〈    R   〉 =    R   2  ─ 2  d  f   D
    (1)

where D is the particle’s bare (short time) diffusion coefficient. In 
the experiments, the diffusion coefficient D is smaller than the free 
diffusion coefficient because of the proximity to the coverslip (60, 61). 
D was experimentally determined in the absence of a speckle pat-
tern (P = 0), where df = 2, which yielded D ≃ 0.121 m2/s (Fig. 2A, 
black symbols and line). With increasing laser power P, the radia-
tion pressure increases and pushes the particles closer to the coverslip, 
resulting in a further slight decrease in D (see also Fig. 1A, bot-
tom) (58). We neglect this effect and assume a value of D that is in-
dependent of the laser power P. A fit based on Eq. 1 yields very good 
agreement with the experimental data (Fig. 2A). This confirms the 
quadratic scaling of 〈R〉 with displacement R. Furthermore, the de-
termined fractal dimension df as a function of the laser power P is 
shown in Fig.  2B (inset top right). Within the explored range, df 
linearly decreases with P.

It is possible to derive the exact probability density function 
℘(R), which reads (for a derivation, see Materials and Methods)

  ℘(   R   ) =   4D ─ 
 R   2 

    ∑ k≥1       
 (   ,k   / 2)   +1 

  ───────────  
( + 1 )  J  +1  (   ,k  )    e   −  ,k  2  D   R  / R   2    (2)

where  = (df) ≡ (df/2) − 1, (x) denotes the Gamma function, and 
,k is the k-th zero of the Bessel function of the first kind and order , 
J(z), that is, J(,k) = 0. The result in Eq. 2 appears to not have been 
derived before and holds for any fractal dimension between 0 and d, 
the Euclidean embedding dimension of physical space. It also shows a 
quadratic scaling with the displacement R, which implies that by resca-
ling first-passage times according to R → RD/R2 (which is equiva-
lent to expressing R in units of R2/D), all data corresponding to the 
same fractal dimension df should collapse onto a single master 
curve. This collapse is confirmed to a remarkable agreement 
(Fig. 2B), although it does not involve any free parameter or fitting. 
These results therefore suggest that, as hypothesized, the particles 
explore the speckle pattern in a self-similar, fractal manner and that 
the diffusion coefficient is, to a good approximation, independent of 
the laser power. However, they explain neither the origin of the 
fractal scaling nor the dependence of the determined fractal dimen-
sion df on laser power P (Fig. 2B, inset top right), which we will 
address in the following.

Theoretical analysis of the geometry of speckle patterns
To gain a better understanding of these observations, the statistics 
of the speckle patterns were inspected. For an ideal speckle pattern 
I(R) with average intensity    

_
 I   ∝ P , the local intensities are statistically 

independent, exponentially distributed random variables with prob-
ability density  p(I ) =  e   −I/  

_
 I    /   

_
 I    (51). The colloidal particle is suscepti-

ble to electromagnetic radiation because its optical properties are 
different from those of the suspending liquid (44, 45). The particle’s 
finite volume is taken into account by integrating over its cross sec-
tion weighted by the projected volume (52)

   I eff  
   (R ) ≃   3 ─ 

2     2 
    ∫ 

∣x∣≤
     dxI(R + x )  √ 

__________
  1 −  (∣x∣/ )   2     (3)

Then, a point-like particle in the effective intensity pattern   I eff  
   (R)  

can be considered instead of a finite particle with radius  moving 
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Fig. 2. First-passage time statistics. (A) Mean first-passage time 〈R〉 required for a displacement R, while the particle is exposed to a speckle pattern created using 
different values of the laser power P (symbols); the inset shows a magnification for low P. The laser powers are P0 = 0 mW, P1 = 34 mW, P2 = 155 mW, P3 = 446 mW, and 
P4 = 917 mW. The fractal dimension df was determined by fitting Eq. 1 to the experimental data (lines). (B) Probability density of the first-passage time ℘(R) showing a collapse 
of the experimental probability densities for all R onto a P-dependent master curve (symbols) and predictions based on Eq. 2 (lines). Inset bottom left: Short-time behavior 
of ℘(R) on a linear scale. Inset top right: Fitted fractal dimension df (symbols) as a function of the laser power P and corresponding linear fit (line). The error bars reflect 
the uncertainty of the estimated df (see Materials and Methods for details).
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in a speckle pattern I(R). We took a square grid of 201 × 201 pixels 
and implemented periodic boundary conditions to mimic an infinite 
system. To each point R, an independent random intensity I(R) drawn 
from an exponential distribution was assigned and then the effec-
tive intensity   I eff  

   (R)  was calculated according to Eq. 3. Two particular 
realizations of the effective intensity   I eff  

   (R)  in the case of  = 3 pixels and 
two different laser powers P are shown in Fig. 3 (A and B, left panels).

It is postulated that at all times, the particle remains within a high- 
intensity region. These high-intensity regions are defined as all locations 
Rhi whose effective intensity   I eff  

   ( R  hi  )  is within some appropriately chosen 
range    I eff  

     of   I eff,max  
    ≡  max  R     I eff  

   (R) , the maximum for a given (random) 
realization of   I eff  

  (R) . Hence,   I eff  
  ( R  hi  )  lies between   I eff,max      −   I eff  

    
and   I eff,max      . The range    I eff  

     was taken to be identical for all P and all 
realizations of   I eff  

   (R) . It quantifies the maximum intensity fluctua-
tion within the high-intensity regions, which was assumed to be 
negligible or to become locally averaged out. More precisely, each 
realization of the thresholded (binary) effective intensity was de-
termined as

     ~ I   eff  
   (R ) = ( I eff  

   (R ) +   I eff  
    −  I eff,max     )  (4)

where (x) is the Heaviside step function that is equal to 1 whenever 
x ≥ 0 and 0 otherwise. This procedure resulted in a binary intensity 
pattern (Fig.  3,  A  and  B, middle) (62). Depending on the mean 
speckle intensity    

_
 I   , such thresholding produced finite and/or perco-

lating regions. In either case, once a particle is equilibrated, it will 
most likely be found in the largest region (Fig. 3, A and B, right).

For several particle radii  and laser powers P, 105 realizations of 
a speckle pattern were created, and this procedure was applied. 
Subsequently, the Minkowski fractal dimension df of the largest 
high- intensity region was determined by box counting. The num-
ber of boxes required to cover the largest high-intensity region was 
averaged over all realizations to yield 〈N〉. This number scaled with 
the inverse box size ϵ = 1/L according to a power law 〈N〉 ∝ ϵdf and 
hence allowed us to determine the fractal dimension df. The results 
for  = 3 pixels are shown in Fig. 3C. They indicate a self-similar 
structure of the largest high-intensity region on a scale of up to 20 
particle radii for all laser powers P (the upper limit may depend on 
the particle radius because a corresponding increase in the system 
size is precluded by computational limitations). Moreover, with in-
creasing mean intensity    

_
 I    and hence laser power P, the fractal 

dimension df was found to decrease (Fig. 3, C and D) in qualitative 
agreement with the experimental results (Fig.  2B, inset to right). 
For each particle radius, we observed a regime of the laser power P 
where df decays linearly with P (Fig. 3D). This may explain the 
linear dependence observed in the experimentally explored range 
(Fig. 2B, inset top right).

DISCUSSION
We have presented a systematic and quantitative analysis of 
first-passage time statistics of colloidal particles in speckle patterns. 
The particles explored the speckle pattern in a self-similar, fractal 
manner on a length scale of 8 to 20 particle radii. The effective frac-
tal dimension df was shown to depend linearly on the laser power P 
within the examined range of P. A remarkable agreement was found 
between theory and experiments, as evidenced in Fig. 2B by the col-
lapse of experimental first-passage statistics onto the theoretical 

prediction in Eq. 2 as well as the observed linear dependence of df 
on the laser power P (compare Figs. 2B, inset top right, and 3D). 
This is despite the simplifying assumption that the particles remain 
confined to high-intensity regions of the speckle pattern and hence 
explore a fractal region that is delimited by “hard walls.” This is not 
strictly fulfilled in the experiments (Figs. 1B and 3, A and B), which 
suggests that the fractal regions need not be confined by hard walls 
as assumed in the theoretical description, but “soft walls” may lead 
to very similar first-passage kinetics. This could have important 
consequences for the interpretation of single-particle tracking ex-
periments inside living cells (12–16), where often hard wall fractals 
are thought to be required in order for the dynamics to display fractal- 
like statistics (15, 16, 21, 22).

The agreement between experiment and theory implies that the 
diffusion of particles in the laser speckle is normal, which, strictly 
speaking, is not the case, at least not on all time scales [see Fig. 1A, 
bottom, and (58, 63) showing transient subdiffusion]. The effective 
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Fig. 3. Fractal geometry of the thresholded high-intensity regions of the 
speckle pattern. The effective intensity field   I eff  

   (R)  was generated according to Eq. 3 
for a particle radius  = 3 pixels and a scaled laser power in arbitrary units 
(A)    ~ P   ≡ P / (3 / 2     2  ) = 0.35  and (B) 0.6 (left; see Fig. 1B, top). All intensities within a 
range    I eff  

     of the maximum intensity   I eff,max       were set to 1 and all others to 0 to yield 
the thresholded (binary) effective intensity     ~ I   eff  


   (R)  (middle; see Fig. 1B, bottom), and 

the largest high-intensity region was selected for further analysis (right). The area 
corresponds to 201 × 201 pixels. (C) Minkowski (box-counting) analysis was used to 
determine the scaling of the average number of boxes 〈N〉 of size L required 
to cover the largest high-intensity region as a function of the inverse box size 
ϵ = 1/L. The average was taken over 105 realizations of the speckle pattern and the 
corresponding effective intensity pattern for a particle with radius  = 3 pixels. The 
fractal dimension df was extracted from the power-law scaling 〈N〉 ∝ ϵdf for suffi-
ciently large L for different values of the laser power P. (D) Fitted fractal dimen-
sion df as a function of normalized laser power for particles of radii  = 3, 4, 5, 6, 
and 8 pixels (symbols), respectively, with the dashed lines indicating an approxi-
mately linear decay in qualitative agreement with experiments. The uncertainty 
of the fit was much smaller than the size of the symbols. Arrows denote conditions 
( and P) presented in (A) and (B). a.u., arbitrary units.
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intensity pattern experienced by a point-like particle,   I eff  
   (R)  (Fig. 1B), 

has values that are generally Gamma distributed, in the present 
case almost Gaussian distributed, and have a spatial correlation 
length  determined by the particle radius  and the speckle size; in the 
present experiments,  is similar to  (52). The short-time diffusion 
on length scales much smaller than the correlation length  may 
throughout be assumed to be normal (Fig. 1A, bottom). Conversely, 
on length scales sufficiently large compared to , the particle explores 
many distinct high-intensity regions that represent different frac-
tals whose positions are quenched in space. Thus, the motion along a 
single trajectory becomes self-averaging and, hence, the observed 
long-time diffusion normal, where the effective diffusion coefficient 
DP(t) depends on the laser power P [see Fig. 1A, bottom, and (63, 64) 
for a thermodynamical argument].

When investigating the first-passage observables, by construc-
tion, we are interested in time scales during which the particle remains 
within the same high-intensity region and ask for the first-passage 
time within this region. Therefore, the particle explores only areas 
in the vicinity of the particle’s location at time t = 0. In particular, by 
probing first-passage times, the particle’s trajectories are terminated 
once the absolute displacement reaches a given value R. The dynamics 
along an individual trajectory is thus a priori not expected to be 
self-averaging over several high-intensity regions within a quenched 
realization of the speckle. On the time scales during which the par-
ticle explores a region with a linear dimension from 8 to 20 times 
the particle radius (depending on the laser power P), the dynamics 
effectively evolves as normal diffusion within a fractal space. The 
average over disorder, i.e., different realizations of the speckle pattern, 
then takes into account the different shapes, sizes, and intensities of 
individual high-intensity regions.

These characteristics of the first-passage analysis are important 
for a comparison of the present findings with results obtained by 
complementary methods probing dynamics on distinct time scales, 
e.g., fluorescence correlation spectroscopy revealing pronounced 
subdiffusion (12). In particular, first-passage observables probe 
properties that a priori are different from the ones encoded in the 
mean squared displacement. Nevertheless, if the particles follow a 
self-averaging trajectory in the high-intensity regions for most of 
the time, i.e., the time spent outside of a high-intensity region can be 
considered to be negligible, then the effective long-time diffusion 
coefficient DP(t→∞) (Fig. 1A) might be related to the fractal dimen-
sion df according to   ‾ 〈  R   2  〉  ≃ 2d  D  P  (t→∞) t ≈ 2    ~ d    f    D   P  0     t , where DP0 is 
the bare diffusion coefficient for P = 0 and d is the Euclidean (em-
bedding) dimension of the physical space. This comparison yields the 
fractal dimension     ~ d    f   = d  D  P  (t→∞) /  D   P  0     . In our case with d = 2, there-
fore,     ~ d    f   / 2  can be read off as DP(t)/DP0 at long times t → ∞, as shown 
in Fig. 1A. The fractal dimension     ~ d    f    depends only on the ratio of 
DP(t→∞)/DP0 and not on the individual values. The fractal dimen-
sion     ~ d    f    agrees very well with df derived from the first-passage analy-
sis in Fig. 2 (see table S1). This suggests that the above condition is 
fulfilled. Note, however, that this comparison will yield a “fractal 
dimension” in any system displaying asymptotically normal diffu-
sion irrespective of the underlying dynamics. Therefore, only after it 
has been established that the dynamics can be described as diffusion 
on a fractal, one can conveniently infer the fractal dimension from 
the long-time diffusion coefficient DP(t→∞).

It is established that one can use first-passage observables to 
probe, e.g., the origins of anomalous diffusion (37). Our present 
methodology, in particular the analysis summarized in Fig. 2, in 

addition allows us to infer whether a system’s dynamics can, on a given 
spatial and temporal scale, effectively be described as diffusion on a 
fractal. For this to be the case, two conditions need to be fulfilled: (i) 
The mean first-passage time must scale quadratically with R, and 
(ii) rescaled first-passage times R → RD/R2 must collapse (in some 
appropriate range of R) onto a single master curve described by 
Eq. 2 with a fractal dimension df extracted from Eq. 1. Here, some 
additional remarks are in order. First, the results in Eq. 2 are not 
limited to df ≤ 2 but, in fact, hold for any 0 < df ≤ d. Second, our 
results can accommodate for subdiffusion with a so-called “walk 
dimension” dw ≥ 2 and an anomalous diffusion coefficient Dw, i.e., 
 〈 ‾   R   2  〉  ∝  D  w    t   2/ d  w     (3). The corresponding mean first-passage time reads 
(for details, see Materials and Methods)

  〈    R   〉 =    R    d  w    ────────────   d  w  ( d  f   + 1 −  d  w   / 2 )  D  w      (5)

whereas Eq. 2 modifies to

  ℘(   R   ) =    d w  2    D  w   ─ 
 R    d  w   

    ∑ k≥1       
 (   ,k   / 2)   +1 

  ───────────  
(1 +  )  J  +1  (   ,k  )    e   − d w  2    ,k  2   D  w     R  /4 R    d  w      (6)

where  = (df + 1)/dw − 3/2, which amounts to rescaling the first-passage 
time     R   →    R    d w  2    D  w   / 4  R    d  w     to achieve the aforementioned collapse. 
For dw = 2 Eqs. 5 and 6 reduce to Eqs. 1 and 2, respectively. Third, 
sufficient statistics must be collected for every value of R to prevent 
finite-time effects, as described in Materials and Methods, or the 
range of R values must be adjusted accordingly. Fourth, there may 
exist also a nonzero lower threshold of R values. Hence a fractal 
description does not necessarily extend to arbitrarily small scales. 
Fifth, a finite temporal resolution may introduce artifacts when 
first-passage times are short. Last, the presence of anomalous diffusion 
with dw > 2 introduces an additional fitting parameter that may 
potentially lead to overfitting and/or uncertainties.

Inferring whether the kinetics of a process are substantially 
affected or controlled by the fractal structure of the medium is relevant 
for many systems, as mentioned in the Introduction. It seems to be 
particularly important in the context of gene regulation—the ran-
dom search of transcription factors for target genes on chromatin 
(15,  16,  20,  32,  65–67). Namely, whenever df < dw (this includes 
Brownian motion with dw = 2 in fractal dimensions df < 2), the ran-
dom search process is recurrent. In this case, the initial distance to 
the target gene decisively controls the search kinetics, rendering the 
colocalization of coregulated genes kinetically favorable (20, 32). In 
contrast, when df > dw (such as in the case of Brownian motion in 
fractal dimensions df ≥ 2), the initial distance to the target gene has 
only a weak effect, making colocalization kinetically irrelevant (20, 32). 
According to the most recent and most accurate results (18), 
the fractal dimension of chromatin displays a double scaling, with 
df ≈ 2.6 on a length scale of 6 to 50 nm and df ≈ 3 on a length scale 
beyond approximately 102 nm, while the distance between colocalized 
genes is smaller than approximately 100 nm (i.e., the size of a tran-
scription factory) (68). Particle-tracking experiments in the cell nu-
cleus further revealed subdiffusion with a walk dimension 2 ≤ dw ≤ 3 
(15, 69, 70). Because df ≈ 2.6 is quite close to the Euclidean em-
bedding dimension d = 3, the complementary volume surrounding 
chromatin is likely to be fractal as well (although its precise fractal 
dimension, in general, depends on the upper length scale of fractal 
scaling) (71). This suggests, irrespective of whether the search 
process occurs on chromatin or in the surrounding space, that the 
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dynamics may be recurrent, which would render gene colocaliza-
tion kinetically effective (20, 32). Moreover, transcription factors 
may transiently bind to, and slide on, chromatin, which can addi-
tionally enhance the molecular search kinetics (66).

As illustrated with our experiments and theoretical description, 
the experimental setup provides a controlled platform for probing 
diffusion on a random fractal whose fractal dimension df can be tuned 
easily. Moreover, since the individual particles can be followed, any 
parameter can be determined, in particular first-passage times. The 
experiments may be extended to various other situations, for exam-
ple, colloidal particles with other properties, such as a size different 
from the speckle size (52), a nonspherical shape (72), or activity 
(73), or also different objects, such as bacteria (74) or microorgan-
isms (75). Furthermore, the speckle pattern can be modified (76) or 
made time dependent (77), or a directed flow can be superimposed 
(6). Thus, this approach offers new opportunities to systematically 
and quantitatively investigate diffusion on fractal structures and 
mimic situations encountered in more complex or less accessible 
situations, such as in natural, atomic, or molecular systems as well 
as technological applications.

MATERIALS AND METHODS
Experimental setup, particle tracking, and determination 
of first-passage times
Dilute aqueous suspensions of colloidal polystyrene spheres with a 
radius  = 1.4 m and a polydispersity of 3.2% (Interfacial Dynam-
ics Corporation) were prepared. The difference in refractive indices 
of the particles (np = 1.59) and water (nw = 1.33) allows for trapping. 
The suspensions were filled into sample cells that were constructed 
from thoroughly cleaned coverslips and a microscope slide (VWR) 
assembled to form a small capillary with a height of 170 m. Be-
cause of the density difference between the particles and the solvent 
as well as the radiation pressure exerted on the particles, the parti-
cles were located at the bottom of the capillary. They moved in a 
quasi–two-dimensional plane with an area fraction of less than 0.08.

A Gaussian beam generated by a solid-state laser (wavelength of 
532 nm; Laser Quantum, Opus 532) was expanded and directed to 
a diffuser (RPC Photonics, Engineered Diffuser EDC-1-A-1r). This 
resulted in a beam with a macroscopically flat top-hat intensity dis-
tribution with fluctuations on a microscopic scale, i.e., a random speckle 
pattern. This beam was introduced into an inverted microscope and 
focused in the sample plane (Fig. 1A). The beam illuminated about 
the field of view. Only trajectories within the light field were consid-
ered. The speckle size was comparable to the particle size. The 
laser was operated with different powers; P0 = 0 mW, P1 = 34 mW, 
P2 = 155 mW, P4 = 917 mW, P5 = 1640 mW, and P6 = 2600 mW. Only 
a small fraction of the light reached the sample and was spread over a 
large area; thus, the power density was very small, and no detectable 
effect of heating was observed. Details of the optical setup and the 
speckle pattern have been described previously [condition BE 
(beam expander) 5× in (52)].

The samples were observed using an inverted microscope (Nikon, 
Eclipse Ti-U) with a 20× extra-long working distance (ELWD) 
chromatic aberration free infinity (CFI) objective (Nikon, CFI S 
Plan Fluor ELWD, numerical aperture = 0.45). It was equipped with 
a complementary metal-oxide semiconductor (CMOS) camera (Pix-
eLINK, PL-B741F), which recorded a field of view of 431 × 345 m2. For 
each laser power P, a sequence of about 10,000 images containing up 

to 2000 particles was observed with a frame rate of 2 frames/s. From 
the sequence of recorded images, the particle locations were deter-
mined and connected to yield trajectories (56).

The first-passage times R to a displacement R were determined on the 
basis of the trajectories, i.e., by calculating     R   ≡  min  t   { ∣R(t ) − R(0 )∣= R} . 
The corresponding first-passage time probability density function 
℘(R) and mean first-passage time 〈R〉 were then calculated. For each 
applied laser power P, approximately 1000 to 2000 trajectories R(t) 
were analyzed for each displacement R. To avoid spurious correla-
tions, trajectories were not segmented, and hence, the particle posi-
tions at the beginning of the recording were the only starting points 
R(0) considered. Note that one must assure that the trajectories are 
long enough to allow for sufficiently many trajectories to reach all 
considered displacements R. Otherwise, the temporal cutoff leads to 
artifacts in the statistics (fig. S1 and Eq. 11 below). This is particu-
larly important at high laser powers P where first-passage times be-
come long. In practice, one should vary the interval of 〈R〉 to be 
fitted even if it appears to have a slope of two. Sampling of first-passage 
trajectories in a range of R values may be considered to be sufficient 
if the fitted df does not change upon increasing and decreasing said 
interval. The uncertainty (i.e., the error bars) of the fitted fractal 
dimension df in Figs. 2A and 3C was determined by repeating the 
fitting procedure 30 times on datasets obtained by randomly omit-
ting 20% of the points.

Theory of the “outer” first-passage problem on fractals
We are interested in the time it takes a particle initially located at 
R(0) to reach a displacement R, i.e.

     R   ≡  min  t   { ∣R(t ) − R(0 ) ∣ = R}  (7)

Mathematically, the problem can be stated as the two-point 
boundary value problem for the probability density of the relative 
displacement r(t) ≡ ∣ R(t) − R(0)∣. The corresponding Green’s func-
tion is governed by the backward Fokker-Planck equation (4, 5)

  [ ∂  t   − D  r   1− d  f     ∂  r    r    d  f  −1   ∂  r   ] G(r, t∣ r  0   ) = 0  (8)

with initial condition  G(r, 0∣ r  0   ) = (r −  r  0   ) /     d  f      r 0   d  f  −1   and boundary 
conditions

   G(R, t∣ r  0   ) = 0,   ∂  r   G(r, t∣ r  0   )∣  r=ϵ   = 0, and ∀ t  (9)

where df is the hyperspherical solid angle. The reflecting boundary 
at 0 ≤ ϵ ≤ r0 is required to assure well posedness of the Green’s 
function. That is, we formally assume a fictitious infinitesimal radial 
shift of the initial condition  R(0 ) → R(0) + ϵ  ̂  r   . The first-passage 
time density ℘(R) is obtained from the probability flux into the 
absorbing boundary at R. The problem is solved by Laplace trans-
forming Eq. 8 in time t → s, i.e.,    ~ p  (r, s∣0 ) =  ∫0  

∞
     e   −st  p(r, t∣0 ) dt , using 

the initial condition  p( r  0  , 0 ∣  r  0   ) = (r −  r  0   ) /     d  f      r 0   d  f  −1   and solving 
for the resulting Green’s function, where df is the df dimensional 
solid angle. Upon carefully taking the limits, first   lim   r  0  →ϵ    and then   
lim  ϵ→0   , we obtain

    ℘   ~      (s ) =   (     R ─ 2    √ 
_

   s ─ D     )     

    [  (1 +  )  I     (  R  √ 

_
   s ─ D     )   ]     

−1
   (10)

where we strictly assume the principal branch of   √ 
_
 s   , where −1 <  = 

(df/2) − 1 ≤ 1/2, and where I(z) is the modified Bessel function of 
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the first kind of order . Using the identity relating the ordinary and 
modified Bessel functions, I(z) = e−i/2J(zei/2), and ,k, the tabu-
lated k-th root of the Bessel function of order , J(,k) = 0, we invert 
  ℘   ~  (s ) → ℘(   R  )  by means of Cauchy’s residue theorem to obtain the 
general exact result given in Eq. 2. To accommodate for subdiffu-
sion with a mean squared displacement  〈 ‾   R   2  〉 = 2  d  f    D  w    t   2/ d  w    , the above 
generalized diffusion operator must be changed to Dwr1−df∂rr1+df  dw∂r. 
Accordingly, we must throughout make the replacements [see, e.g., 
(20, 32)]  R /  √ 

_
 D   → (2 /  d  w   )  √ 

_
  R    d  w    /  D  w      and  →  = (df +1)/dw − 3/2, 

which yields, after some straightforward calculations, Eqs. 5 and 
6, respectively. In the case that the embedding space has Euclidean 
dimension d, we have −3/2 <  ≤ 1/2.

To provide more intuition about Eq. 2, we further inspect the 
short- and long-time asymptotic behavior of the first-passage time 
density. The short-time asymptotics are nontrivial and follow from 
taking the limit s → ∞ in Eq. 10 and inverting the resulting Laplace 
transform using the residue transfer theorem that yields

    lim     R  →0
   ℘(   R   ) =    √ 

_
 2   ─ 

(1 + )
     
(

     R ─ 
2  √ 
_

 2D    R    
   
)

     
+1/2

     e   − R   2 /(8D   R  )  ─    R      D  +3/2   
(

     R ─ 
 √ 
_

 2D    R    
   
)

     (11)

where D(z) is the parabolic cylinder function. Equation 11 reflects 
the initial rise of ℘(R) that is corroborated by the experimental data 
within the experimental time window and uncertainty (bottom left 
inset of Fig. 2B).

Conversely, the long-time asymptotics follow immediately from 
the leading term of the exact solution in Eq. 2

   lim     R  →∞    ℘    (   R   ) =   4D ─ 
 R   2 

     
 (   ,1   / 2)   +1 

  ──────────   
(1 +  )  J  +1  (   ,1  )    e   −D  ,1  2     R  / R   2    (12)

and are exponential. Therefore, if the experimental trajectories are 
sufficiently longer than   R   2  / D   ,1  2   , then the mean first-passage can 
be reliably determined without appreciable effects of the finiteness 
of trajectories.

Let us, lastly, inspect the effect of too short trajectories. More 
precisely, we inspect the effect of a temporal cutoff on the N-th 
moment of the first-passage time  〈  R  N  〉 . For the sake of simplicity, we 
focus on dw = 2; the extension to the subdiffusive scenario with 
dw > 2 is straightforward. For trajectories of length T, the N-th 
moment of the “finite-time” first-passage time is given by

 
  

 〈  ̃    R  N (T)〉 

  

≡    
 ∫0  

T
      R  N   ℘    (   R   ) d    R  

  ─  
 ∫0  

T
     ℘    (   R   ) d    R  

  

    

 

  

=   (      R   2  ─ D   )     
N

    
 ∑ k≥1       ,k  −1−2N  (N + 1, DT   ,k  2   /  R   2  ) /  J  +1  (   ,k  )

    ───────────────────────   
 ∑ k≥1       ,k  −1  (  1 −  e   −  ,k  2  DT/ R   2   )   /  J  +1  (   ,k  )

  

   (13)

where (, z) denotes the lower incomplete Gamma function. In the 
limit of long trajectories  T ≫  R   2  / D   ,k  2   , we recover for N = 1 the 
result in Eqs. 1 and 2 that depends quadratically on R. Conversely, 
for small values of T, the finite-time cutoff may change the behavior 
profoundly; in particular, it may give rise to a subquadratic scaling 
of  〈    ~    R  (T ) 〉  in R (fig. S1). A minor finite-time cutoff preserves (within 
the statistical uncertainty of the experiment) the quadratic scaling 
in R but may lead to a slight overestimation of the bare diffusion 
coefficient D (see blue symbols in fig. S1C for R/Rmax < 0.5). How-
ever, it does so for any laser power, and since df is determined by the 
ratio of the fitted prefactors, this is not expected to cause any 
major issues.

SUPPLEMENTARY MATERIALS
Supplementary material for this article is available at https://science.org/doi/10.1126/
sciadv.abk0627
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